Exam Stochastic Optimization — part I
31 January 2023

duration 1.5 hours, paper documents allowed

Exercise 1. We consider the following optimization problem

min 1 Z fi(z) + g(z)

zcRd [N

where for all i € {1,..., N}, f; is a differentiable convex function whose gradient is L-
Lipschitz and g is a convex, lower-semi-continuous function whose proximal operator is
casy to compute. We shall denote f(z) = + SV, filz) and F(z) = f(z) + g(z).

Notation: U({1,...,N}) is the uniform distribution over the set {1,..., N} and B(p)
is the Bernoulli distribution with mean p. We denote the conditional expection with
Ex[Xk] = E[Xk|io, bo, - - - , ik, br]-

The goal of this exercise is to study the convergence of the following prox-SVRG algorithm

zo € RY wy = 20,7 > 0,p €]0, 1]
Vk € N:
ikt~ U({L,...,N})
Gry1 = V(we) + Vi (@) = Vi, (wi)
Tpr1 = Prox,, (5 — YGis1)
b1 ~ B(p)
Wiy1 = (1 — bpy1)wp + bpy12p

We shall not assume the strong convexity of F', only its convexity. We will proceed by
proving the following points.

1. Show that
L 2
f(xrgr) < flan) +(Vf(or), Tppr — o) + §||l‘k+1 — x|

2. Show that for any z, € argmin, F'(z)

1 .
=k —a.f

1 1
g($k+1)+<Gk+1,$k+1—$k>+%\|$k+1—xk\’2 < 9(95*)+<Gk+1,x*—$k>+gﬂxk—$*! 2

3. Show that
Ex[(Gri1, m — wp)] = (V f (@), @1 — )

1



10.

11.

Show that for all o > 0

a 1
(G — V() xp — Tpp1) < §||Gk+1 — V()| + ﬁ”ﬂﬁk — Zpqa?

Show that

1Gr1 = VI (@)” < 20V fir (1) = Vi @17 + 20|V firyy (wi) = Vi ()]

. Denote Dy, = & SN ||V fi(wy) — Vfi(x.)]|*. Show that

E[Dualiosbos - i) = PEL ||V fis (22) = Vi, (@] + (1 = p)D

Show that
Be IV firen (@8) = Vi, (2)I2] < 2L(f(22) = () = (T f (i), 2. = i)
Chose values for the proof constants v and S that ensure

1 1 L 1 1
Ey [F($k+1)+5Dk+1+Z||~Tk+1—$k||2] < F(l”*)+5Dk+ﬂ||$k—$*||2+(§—g+£) [k 1=

. What range of step sizes ensures that (% — 4 i) |zhir — axl|> <07

2y

Suppose v satisfies the condition of the previous question and denote Ty = % Zszr
Show that

Do + |70 — .2
B{F(a) — Fle)] < ot 0 =2

Compare with the convergence rate of other algorithms we have seen during the
course.



