
Exercises: Optimality conditions

February 23, 2026

Exercise 1. Solve the following optimization
problem

Min
x,y∈R2

(x− 1)2 + (y − 2)2

x ≤ y

x+ 2y ≤ 2

Exercise 2 (First order optimality condition).
Consider, for f differentiable,

(P ) Min
x∈Rn

f(x)

s.t. x ∈ X

Recall that

TX(x0) =
{
d ∈ Rn | ∃dk → d,∃tk ↘ 0,

s.t. x0 + tkdk ∈ X
}

and K⊕ =
{
λ | λ⊤x ≥ 0, ∀x ∈ K

}
.

Show that

1. If x0 is an optimal solution to (P ), then
∇f(x0) ∈ [TX(x0)]

⊕.

2. If f is convex, X is closed convex, and
∇f(x0) ∈ [TX(x0)]

⊕, then x0 is an optimal
solution to (P ).

Exercise 3. In the following cases, are the KKT
conditions necessary / sufficient ?

1.

min
x1,x2,x3

12x1 − 5x2 + 3x3

s.t. x1 + 2x2 − x3 = 5

x1 − x2 ≥ −2

2x1 − 4x2 ≤ 12

2.

min
x1,x2,x3

4x21 − x1x2 + x22 − 12x1

s.t. x1 − 2x2 + x3 = 5

x21 + 3x22 ≤ 10

x1, x2, x3 ≥ 0

3.

min
x1,x2,x3

ex1 − x1x2 + x33

s.t. ln(ex1−4x2 + ex1+x3) ≤ 2x1 + 3

2x21 + x22 ≤ 2

4.

min
x1,x2

− x1

s.t. − x2 − (x1 − 1)3 ≤ 0

x1, x2 ≥ 0

5.

min
x1,x2

− x1

s.t. x2 − (x1 − 1)3 ≤ 0

x1, x2 ≥ 0

Exercise 4. Solve the following problem using
first order optimality conditions

min
x1,x2

− 2(x1 − 2)2 − x22

s.t. x21 + x22 ≤ 25

x1 ≥ 0

Exercise 5 (When KKT can fail without qualifi-
cation). Consider the problem

min
x∈R

f(x) := x s.t. g(x) := x2 ≤ 0.

1



1. Find the (global) solution.

2. Write the KKT conditions at the solution and
show that there is no Lagrange multiplier µ ≥
0 satisfying them.

3. Compute the tangent cone TX(x⋆) and the lin-
earized cone T ℓ

X(x⋆) at the solution x⋆ (with
X = {x : g(x) ≤ 0}).


