Exercises: Convex analysis

February 23, 2026

Convex sets

Exercise 1 (Perspective function). Let P : R" x
R — R"™ be the perspective function defined as
P(x,t) = x/t, with dom(P) = R™ x R%.

1. Show that the image by P of the segment
[(£), (V)] is the segment [P((%)), P((7))],
ie. P([(%), (V)] =[P((%)), P(())]-

2. Show that, if C C R" x R is convex, then
P(C) is convex.

3. Show that, if D C R", then P~Y(D) is convez.

Exercise 2 (Dual cones). Recall that, for any set
K CcR" K :={yeR"|Vz €K, (y,z) > 0}.
We say that K is self dual (which means that K
is a closed convex cone) if K® = K.

1. Show that K =R} is self dual.

2. We consider the set of symmetric matrices
Sy, with the scalar product (A, B) = tr(AB).
Show that K = S;F(R) is self dual.

3. Let || - || be a norm, show that K =
{(z,t) | |lz|] < t} has for dual K® =
{(zA) [ llzlle < A} where 2] =

SUPg: o<1 Z T

Exercise 3 (Normal cones of standard convex
sets). Compute the normal cone Nc(x) for the fol-
lowing closed conver sets:

1. (Euclidean ball) C = {x € R": ||z|2 < 1}.
2. (Simplex) A={x cR": >0, 172 =1}.

Bonus. For the ball, compute the tangent cone
To(x) and verify [To(z)]® = —Ne(z).

Convex functions

Exercise 4 (Recognizing convexity / strict /
strong). For each function below, give: (i) its do-
main, (i) whether it is convex, strictly convet,
strongly convex on its domain (and provide a short
Justification).

Let A€ R™" beR™, \>0, and assume A has
full column rank when stated.

1. fi(2) = |4z — blz.

2. falw) = 3/ Az — b|I3.

3. f3(x) = zlll3 + Alllr-

4. fa(x) = —log(b — a'z) with dom(fy) = {x :
a'z < b}

Bonus. For fo, give a strong convexity modulus
in terms of A (when A has full column rank).

Exercise 5 (Moving average). Let f : R — R be
a convex function.

1. Show that, s — fol f(st)dt is conver.

2. Show that, R%. 5 T — 1/T fOT f(t)dt is con-
ver.

Exercise 6 (Partial infimum). Let f : R" xR™ —
R be a convex function and C C R™ a convex set.
Show that the function

g:x— inf f(z,y)
yeC
1S COnver.

Exercise 7 (log determinant). Let, for any X €
Sn, f(X) =1In(det(X)) for X > 0, —co otherwise.
Consider, for Z = 0, and V € Sy, the function
g:t— f(Z+1tV).



1. Show that g(t) = > ,In(1l + tA\) +
f(Z), where the X\; are the eigenvalues of
Z71/2VZ71/2'

2. Show that g is concave.
concave.

Conclude that f is

Exercise 8 (Perspective function). Let ¢ : B —
R U {4+o0}. The perspective of ¢ is defined as ¢ :
R% x E— R by

o(n,y) ==no(y/n).

Show that ¢ is convex Zﬁ(g 18 conver.

Fenchel transform and subdifferential

Exercise 9 (Norm). Let || - || be a norm on R"™
and ||yllx = sup,.z)<1 y'x be its dual norm. Let
f iz |z||. Compute f* and 0f(0).

Exercise 10 (Lasso). Let A € R™" b € R™,
A > 0 and consider

1
in |l Az — b3 :
min gllAz — b3 + Allzllx

1. Show that the problem admits at least one so-
lution, and is unique if A has full column
rank.

2. Compute Ol||z||1 and derive the optimality
condition for a minimizer x*:

0e AT(Az® —b) + \O||*||;.

3. Prove the coordinate-wise characterization:

:I:Zﬁ 40 = a, (Az® —b) = -\ sign(a:g)
=0 = |a)] (Az® —b)| < A,

P=
where a; is the i-th column of A.

4. If X > ||ATb||so, then zf = 0 is optimal.

5. Interpretation: explain in one sentence why
large \ promotes sparsity of x*.

Exercise 11 (Fenchel calculus: indicator, sup-
port, and affine change). Let C C R"™ be a
nonempty closed convexr set and define the indi-
cator 1o and the support function

oo(y) = sup y'z.
x

1. Show that (Ig)* = o¢.
2. Compute o¢ for:
(a) C=By(0,1) = {z: |lz]2 <1},
(b) C=Az: |l <1}
3. Let A € R™*", b € R™, and define f(x) =
Io(Az 4+ b). Give an expression for f* (you

may state the formula with the condition un-

der which it holds).

Exercise 12 (Log sum exp). We consider f(z) :=
In(3 2, e®).

1. Show that f is convex. Hint : recall Holder’s

inequality ="y < |[llpllyllq for 1/p+1/q=1.

2. Show that f*(y) = >, viln(y;) ify > 0 and
> yi =1, +0o otherwise.



