Exercises: optimization problem classes

Exercise 1 (Hyperbolic constraints as SOCP).
1. Show that, for allx e R™, y € R, z € R,
z'x <z,

y=>0, z2>0

" leres e

2. Represent the following problem as an SOCP

n -1
<Z (ol 2 - b))

i=1
Ax > b

(P) Max

s.t.

Answers:

1. Assume y > 0,z > 0, then y + 2z > 0 <=
xy > 0. We now assume y + z > 0, then we

e
)

—dz'z+(y

<:>‘ < (y+2)?

2)? < y? 4 2yz + 22
—dz'x < 4yz
—z'z <uyz

2. Since t — 1/t is decreasing (P) is equivalent
to

Min 21/( Tz —b)
i=1
s.t. Ax > b

By adding the lift variables z;, (P) is equiva-
lent to the problem

n

Min Z Zi
i=1
s.t. Ax >0

2 >1/(aj x —b) >0, Vi € [n]

which is equivalent to

n

Min Z Zi
i=1
s.t. Az > b
1< z(a] x —b), Vi € [n]

2 >0, Vi € [n]

By question 1. it is equivalent to the following
SOCP:

n
Min Z Z3
i=1
s.t. —Ax < —b

2
ajr—b—z

2 >0, Vi € [n]

Exercise 2. We consider a physical function ®
that is approximated as the superposition of multi-
ple simple phenomenon (e.g. waves). Each simple
phenomenon p € [P] is represented by a function
®,:RY - R.

We have data points (x*, yk)ke[n}, and want to find
the ® that match at best the data while being a
linear combination of ®,,.

Propose a least-square regression that answer this
question.

’Sa;—xb+zi,Vi€[n]



Answers: We define the matrix M € R™*F with
coefficients My, = ®,(x). We propose the fol-
lowing last square regression problem:

Min Ma —y|?
My [[Ma -y

Exercise 3. Consider a chocolate manufacturing
company that produces only two types of chocolate
— A and B. Both the chocolates require Milk and
Choco only. To manufacture each unit of A and
B, the following quantities are required:

e Fach unit of A requires 1 unit of Milk and 3
units of Choco

o Fach unit of B requires 1 unit of Milk and 2
units of Choco

The company kitchen has a total of 5 units of Milk
and 12 units of Choco. On each sale, the company
makes a profit of

e 0 per unit A sold
e 5 per unit B sold.
Model this as an LP.

Exercise 4. A classical extension of the least-
square problem, which has strong theoretical and
practical intereset is the LASSO problem

Min

| Az = b]|* + Allz[|x
zERP

Show that this problem can be cast as a QP prob-
lem.

Answers: The LASSO problem is equivalent to
the following QP problem

z AT Az — 20T Az + A Z 2

Min
zeR™ zeR™
i=1
s.t. xig Zi
—x; < 2

Exercise 5. Consider the following optimization
problem.

Min clx
TER™
s.1. Ax =b
x; € {0,1} Viel

Write this problem as a QCQP. Is it convex ¢

Answers: The constraint z; € {0,1} is equiv-
alent to z;(1 — x;) = 0. We define ¢; :=
(0,---,0,1,0,---,0) as the vector with all coor-
dinates equal to 0 except the ith which equals 1.
We set Q; = 2diag(q;) = 2q;q; . Then, this prob-
lem is equivalent to the following QCQP problem

Min ez
rER™
s.t. Axr =10

It is not convex in the general case (i.e. if the
admissible set is neither empty or reduced to a
singleton) since the set {0, 1}" is not convex. Re-
mark that —@Q); is not positive.

Exercise 6. Consider a facility that plan to de-
liver product to clients by drone (thus in direct
line). Assume that you have N clients, each with
position (in R?) x,. The drone make each time a
direct travel from the facility location to the client.
Assume that the drone have a mazximum range of
R, and that you want to minimize the average
travel distance while being able to serve all of your
clients.

Model the problem of choosing the facility location
as an SOCP.

Answers: We want to minimize the average
travel distance 3 SN zn — y|| from a center y
to the clients (x,,) while being able to serve all of
your clients. We modelize this by the problem

1 N
My — nzl (e (1)
st. |lzn —yll £ R, Vn € [N] (2)

By adding lift variables z,, this equivalent to the
following SOCP:

1 N
Mi — 3
yeR%iIelRN n nglzn ( )
st. |lzn —yl| < R, Vn € [N] (4)

[0 = yll < 20, Vn € [N]  (5)



Exercise 7. Consider the following robust linear
program

T

Min cz
TzER™

st. (ai+Rid) 2 <b; V|Gillz <1, Vie[m]
where R; are positive real numbers. Write this

problem as an SOCP.

Answers: The constraint (a; + R;6;) 2z <
bi, V|di|l2 <1 is equivalent to
max (ai + Rl(sl)T$ < bi
8 [16:]]2<1

which is equivalent to

R; max 0z <b;—a,z.
8 | 18]|2<1
However, maxg, | |s,(,<10; @ = ||z|l. Indeed, this

result is trivial for z = 0, for  # 0, we have
that ||z| is an upper bound by Cauchy-Swhartz
inequality which is attained for §; = H% Thus,
our problem is equivalent to the following SOCP:

Min clx
TER?
st. Rillz| < —af z+ bs, Vi € [m]

Exercise 8. Let F(0) be a symmetric matriz
parametrized by 6 € R? whose coefficients are lin-
ear in 6. Model the problem of finding the param-
eter 0 € ©, where © is a polyhedron, minimizing
k(0) as an SDP.

What happen if the coefficient of F(6) are affine
in 0 ¢ Suggest a solution method ? (hard)

Exercise 9. Consider a finite set X = {z;}icn),
and P the set of probabilities on X. For P,Q €
P, with supp(Q) = X, we define the Kullback-
Leibler divergence as

A (PIQ) = piln(pi/a:)
=1

where p; = P(X = ;) and ¢; = Q(X = ;).

Let X be 100 equidistant points spanning in
[—1,1]. Let Q be uniform on X.

We are looking for the probability P on X such
that

o Ep[X] € [-0.1,0.1]

e Ep[X?] €[0.5,0.6]

o Ep[3X?%-2X]€[-0.3,-0.2]
e P(X <0)€[0.3,0.4]

that minimize the Kullback-Leibler divergence
from Q.

Model this problem as an optimization problem. In
which class does it belongs ?

Exercise 10. Consider that you sell a given prod-
uct over T days. The demand for each day is dy.
Having a quantity x; of items in stock have a cost
(per day) of cxy. You can order, each day, a quan-
tity q:, and have to satisfy the demand.

For each of the following variation : model the
problem, explicit the class to which it belongs, and
give the optimal solution if easily found.

1. Without any further constraint / specifica-
tions.

There is an “ordering cost”: each time you
order, you have to pay a fix cost k.

3. Instead of an ”ordering cost” there is a maz-
imum number of days at which you can order
a replenishment.



