Exercises: Duality

February 23, 2026

Exercise 1 (Dual formulation). Let g : R™ — R™.
Show that

1. Ty(z)—0 = SUPxerm Ag(x)
2. Ty(z)<o = SUp R )\Tg(a;)

3. ]Ig(z)GC = SUP)¢c_c® )\Tg(l“) where C is a
closed conver cone, and C® := {\ €
R™ | A\Te>0,Ve € C}.

Answers:

1. If g(z) # 0 there is i € [m] such that g;(z) #
0, and we choose \; accordingly.

2. Same reasoning.

3. If g(x) € C, ATg(z) <0, and 0 € —C®. If
g(x) &€ C, by separation of the convex com-
pact {g(x)} from the closed convex set C
there exists A € R™ such that A\Tg(z) > b >
Acforall c € C. As C is a cone, tc € C for
all t > 0, and thus A\ € —C®. Further b > 0,
thus tAT g(z) — 400 when t — oo.

Exercise 2 (Linear Programming). Consider the
following linear problem (LP)

(P) Min ¢z
x>0
s.t. Ar=b

1. Show that the dual of (P) is an LP.

2. Show that the dual of the dual of (P) is equiv-
alent to (P).

Answers:

1. The dual of (P) is
(D) M/\ax —b"A

st. ATA+¢<0

2. Direct by computing the dual of (D).
Exercise 3 (Quadratically  Constrained
Quadratic Programming). Consider the problem

Min

1 T
—x' P,
e 2513 0T +qy T+ 7o

(QCQP)

1
ia:TPix+qiTa:+ri§0 Vi € [m]

where Py € ST, and P; € S!.

1. Show by duality that, for p € R, there exists
P,,q, and r,,such that g(pn) = —%qJP/jlq,ﬂ-
ru < val(P).

2. Give an easy condition under which val(P) =
sSup,>o0 9 (1)

Answers:

1. Simply write the dual function we get

Pu=Po+ Y P, qu=q0+» pa
i i

Ty =70+ Z HiTi
i
2. The problem is convex, Slater’s condition en-
sure constraint qualification, thus a condition
would be the existence of a strictly satisfying
all constraints.

Exercise 4 (Conic Programming). Let K C R™ be
a closed convex pointed cone, and denote x <k y
iff y € x + K. Consider the following program,
with A € My, , and b € R™.

(P) Min c¢'z
z€eR™
s.t. Ar=0»b

T <g0



1. Show that (P) is a convexr optimization prob-

lem.
2. Denote L(x,\,pu) = ¢z + AN (Adz —
b) + plz. Show that val(P) =

Mil’lxeRn Sup/\eRm“ueK@ L("E, )\, ,u) .
3. Give a dual problem to (P).
Answers:

1. 2 g 0iff x € —K, and —K is convex.

2. If x € —K, for any p € K, 'z < 0, thus
sup,cpe p @ =0. If -z ¢ K = K%, there
exists A € K9P, such that —z "X < 0, hence
SUp,c k@ p'z = +oo. (or see ex 1).

3. By min-max duality we consider

—b" A+ ian (ATX+c+p) o+
TER™

Max
AER™ pe K®

wich yields
—b"A
AT N+ec+p=0 peK®

(D) Max

Exercise 5 (Duality gap). Consider the following
problem

Min e *
zeR,yeRy
s.t. :U2/y <0

1. Find the optimal solution of this problem.

2. Write and solve the (Lagrangian) dual prob-
lem. Is there a duality gap ?

Answers:
Lz, y;p) = e + pa’fy
g(p) = inf e "4 pux®/y =0
zeR,y>0

as the term inside the inf is positive, and choosing
x =t y=1t> goes to 0 for all p.

Exercise 6 (Two-way partitionning). Let W €
Sn be a symmetric matriz, consider the following
problem.

(P) Min z' Wz
zeR?
s.t. i =1 Vi € [n]

2

1. Consider a set of n element that you want to
partition in 2 subsets, with a cost ¢; j if i and
J are in the same set, and a cost —c; j if they
are in a different set. Justify that it can be
solved by solving (P).

2. Is (P) a convex problem ?

3. Show that, for any A € R™ such that W +
diag(A\) > 0, we have val(P) > —> \;. De-
duce a lower bound on val(P).

Answers:

1. The constraint ensures that z; € {—1,1},
each value representing one subset. We set
Wij = cij.

2. No, because the set of admissible points is

{-1,1}™.
3. The Lagrangian of (P) is

Lz, \) =2 Wz + Z)\Z(x? - 1)
=1

=2 (W + diag(\))z — Z i
i=1

And we have,
g(\) = infz" (W + diag(\))x — Z i
=1

== X — Inrydiagnyzo < val(P)
=1

Thus, if A\, is the small eigenvalue of W we
have W + diag(\) > 0, and val(P) > nApin.

Exercise 7 (Linear SVM : duality (hard-mar-
gin)). Let (x4, Yi)icn) be labeled data with z; € R4
and y; € {—1,1}. Consider the hard-margin SVM
primal problem

1
Min = |lw)|?
weRT, beR 2” I2

st (mei +b)>1

(P)
Vi € [n].

1. In which case can we guarantee strong duality
for (P)?



2. Derive the Lagrangian dual and express an
optimal primal solution (w* b%) in terms of
an optimal dual solution.

Answers:

1. The problem is convex. Strong duality holds
under Slater’s condition, i.e., if there exists
(w,b) such that y;(w ' x; +b) > 1 for all i €
[n] (strict feasibility, which holds for linearly
separable data with a positive margin).

2. Introduce multipliers o € R’} for the con-
straints 1 —y;(w ' x;+b) < 0. The Lagrangian
is

1 n
L(w, b, o) = 5Hw\|§+zoéi(1_1,,.(“;9@,.%)).
=1

Stationarity in (w, b) gives

Exercise 8. We consider the following problem.

Min 2+ 22 (1)

sﬂ.t. (z1—1)2+(z2—1)2 <1 (2)
(1 =12+ (2 +1)2 <1 (3)

. Classify this problem (After 5th course)

. Find the optimal solution and value of this

problem.

. Write and solve the KKT equation for this

problem.

. Derive and solve the Lagrangian dual of this

problem.

. Do we have strong duality ? If yes, could we

have known it from the start ? If not, can you
comment on why ¢

n n
Vol = w—z ayr, =0 = w= Z a;y; tAnswers:

i=1 i=1

n n
81,,/3:—20@%:0 = Zaiyi:O.
i=1 =1

Plugging w back into the Lagrangian yields
the dual function

n n n
1
gla)=> ai— 3 SN cioyyiy; ) @,
i—1 i—1 j—1

and the dual problem is

n n n
1
(D) Max ) Oéi—§§ ) iy @] @
=1

i=1 j=1

st. a; > 0Vié€ n], Zaiyi =0.
i=1

Let af be optimal. Then an optimal primal

weight is
n
wjj = Z OzlﬁylfljZ
i=1

Complementary slackness gives
ozg(l - yi((wﬁ)—r:ci + bﬁ)) =0 WV

For any index i with a? > 0 (a support vec-
tor), we must have y;((w*) " 2;4b%) = 1, hence

b = yi—(wf) ",

for any ¢ such that ag > 0.

. This is a convex QCQP

. The only admissible point, and hence the op-

timal solution is (1,0), with value 1.

3. The Lagrangian is

Lz, \) =27+ 23+ M ((x1 — )% + (22 — 1)* = 1)
+ Ao((z1 = 1)% + (w2 + 1)2 = 1)
KKT condition are
e Gradient of Lagrangian is null :

2%1 + 2)\1(5{?1 - 1) + 2/\2(%1 - 1) =0
2x9 + 2)\1(%2 — 1) + 2/\2(332 + 1) =0
e 7 is primal feasible : (z1 — 1)? + (x
2 <1land (v —1)2+ (22 +1)2 <
e )\ is dual feasible A1 > 0, Ao > 0.

e Complementary slackness:

5 —
1

)\120 or

(x1— 12+ (z2—1)% =1
A =0 or =1

(z1 —1)* + (z2 + 1)°

x feasible is x = (1,0), which imply 2 = 0
which is impossible. Thus there is no pair
(z,A) satisfying the KKT equations. The
KKT equations fails to give the optimal solu-
tion because the constraints are not qualified.



4. The Lagrange dual function is
g(A1, A2) = inf L(z, \)
1,22

= inf (1 + A+ )\2)((13% + .%'2)2

x1,2T2

— 2()\1 + )\2)$1 — 2()\1 - )\2)562 + A1+ Ao

(A1 4+ X2)2 4+ (A — A2)?
T+A1+ A

fl4+XM+X>0

=\ + Ao —

The dual problem reads

ALt de — (A — Mo)?
M
o T+ A+ o
s.t. )\1 > O, )\2 > 0

By symmetry the optimum is attained at
A1 = Ao, thus the dual reads

2
M
N0 2+ 1

Which has value 1 and no solution.

5. The dual problem have the same value as the
primal problem, thus we have strong duality.

However there does not exist a dual multi-
plier, which is why there is no solution to the
KKT equations.

We could not guarantee the existence of a
primal-dual optimal solution through KKT as
the constraints were not qualified.



