Exercises: Optimality conditions

February 23, 2026

Exercise 1. Solve the following optimization
problem

Min (z—1)* + (y — 2)
z,ycR2

]

T+2y <2

Answers: The problem is convex and qualified
through Slater’s condition (e.g. (—1,0)). La-
grangian

L(z,y,p) =(z —1)* + (y - 2)°
+ i (x —y) + pe(z + 2y — 2)

KKT conditions

;

2@ —1)+p+p2=0
2y —2) —p1+2u2=0
z<y, z+2y<2

p1=>0,u0 >0
pr=0 or z=y
T+2y=2

(12 = 0 or
Ifu=pu=0weget x=1,y=2thus x+2y =
5 > 2 not admissible.

If py =0 and py > 0, we get © =2 — 2y and p2 =
2(1—x) = 4y—2, leading to 2(y—2)+2(4y—2) = 0.
Thus, y = 4/5, x = 2/5, up = 0, p2 = 6/5 >0
satisfy KKT conditions, and thus is optimal by
convexity.

Exercise 2 (First order optimality condition).
Consider, for f differentiable,

(P) Min f(2)
st. xeX

Recall that

Tx(l'o) = { deR" | ddy, — d, 3t N O,
s.t. xg + tpdy € X}

and K® = {X\ | ATz >0, Vz € K}.
Show that

1. If xg is an optimal solution to (P), then
Vf(xo) € [Tx(0)]®.

2. If f is convex, X 1is closed convexr, and
Vf(zo) € [Tx(x0)]®, then xo is an optimal
solution to (P).

Answers:

1. Assume that Vf(zo) ¢ [Tx(z0)]®. Then we
have d € Tx(xg) such that d"V f(zo) < 0.
By continuity of scalar product we have, for
k large enough, d] Vf(zg) < 0. We have
zo + tgdy € X, and f(xo + trdy) = f(x0) +
ted] Vf(zo) + o(trdy). Thus, for k large
enough, f(xo + trdy) < f(zo).

2. By convexity of X, we have, for z € X, (z —
xo) € Tx(xp). Further, by convexity of f,
f(z) = f(zo) + (Vf(z0) ;& — w0) = f(w0).

Exercise 3. In the following cases, are the KKT
conditions necessary / sufficient ¢

1.
min 1221 — bxo + 323
T1,22,T3
st. 1 +2x9—23=25

T — X9 > —2
201 —4dxo < 12



2.
. 2 2
min 4z — x122 + 25 — 1229
T1,22,L3
st. x4 —2x9+x3=5

2 + 323 <10

x1,T2,T3 Z 0
3.

min €™ — xyxy + a3
X1,22,T3
st In(e® %2 41T Ts) < 9y 43
223 + 13 < 2
4.
min  —a
x1,22
st. —xg—(z1—1)3<0

x1,w2 20

d.
min — 2
T1,T2
st. wxg— (x1 — 1)3 <0
x1, 22 20
Answers:

1. CNS as problem is linear, thus convex and
qualified everywhere

2. CNS as problem is convex and qualified by
Slater

3. CN as constraints are convex and qualified by
Slater but objective is nonconvex

4. CN, constraints are qualified due to ”positive-
independence” condition.

5. Neither. Indeed, no sufficient qualification
conditions are satisfied and we can even check
that the constraints are not qualified at xy =
(1,0). Indeed, we have (x; > 0 is not active
at xo)

TEX ={z|22-0<0, 22 <0} =R x {0};

T X =R" x {0}.

Exercise 4. Solve the following problem wusing
first order optimality conditions

min  — 2(z1 — 2)? — 23
1,22
st. x4z <25

1'120

First note that the constraint set is
convex, and (1,1) is a Slater’s point, ensuring
qualification everywhere.

The Lagrangian reads

Answers:

L(z1, T2, p1, o) = —2(21—2)> 23 +p1 (27435 25) —pozy

The KKT conditions thus read

—4(x1 —2) + 221 — 2 =0
—2x9 + 2122 =0
24+ 13 <25

l‘lzo

p1, 2 >0

pr =0 or x?+4a3=25
(2 =0 or x1=0

If 41 = pue =0, we have 1 = 2 and x5 = 0 which
() (o)
0/’\0
is a primal-dual point satisfying KKT conditions

with associated value 0.

If g = 0 and po > 0 we have x1 = xo = 0 with
2 = 8 > 0 which is a primal-dual point with value
—8.

If po = 0 and pq > 0 we have

satisfies the primal constraints. Thus

(—4(x1 — 2) 4+ 2u121 =0
—2x9 +2p129 =0
I Z 0
p1 >0

\m% + 23 =25

Thus, either x5 = 0 or u; = 1. In the first case
we get x1 = 5, o = 0, thus g3 = 6/5 > 0 and
w2 = 0 which is a KKT point with value —18. In
the second case we get z1 = 4 and xo = £3, with
w1 = 1 and pe = 0 which are two KKT points
with value —17.

Finally, if 2 > 0 and p; > 0, we have z; = 0 and
ro = 5 with 3 = 1 and puo = 8, which are two



KKT points with value —33, and thus the global
minima.

Exercise 5 (When KKT can fail without qualifi-
cation). Consider the problem

min f(x) =z s.t. g(x) =22 <0.
zeR

1. Find the (global) solution.

2. Write the KK'T conditions at the solution and
show that there is no Lagrange multiplier y >
0 satisfying them.

3. Compute the tangent cone T'x (x*) and the lin-
earized cone T (z*) at the solution z* (with

X ={a: glx) <0}).
Answers:

1. Since 22 < 0 iff & = 0, the feasible set is
X = {0}, hence the unique feasible point

=0
is the (global) minimizer.

2. The Lagrangian is L(x,pu) = z + pz? with
1> 0. The KKT conditions at * = 0 are:

g(x*) <0, p>0, pg(z*)=0, Vf(@*)+uVg(z*)=0.

Here Vf(0) = 1 and Vg(0) = 2z| _, =0, so
stationarity becomes

14+up-0=0,

which is impossible. Therefore, no multiplier
p > 0 satisfies KKT at the (global) solution.

3. Since X = {0}, any feasible sequence is con-
stant, hence the tangent cone is

Tx(0) = {0}.

The linearized cone for the inequality g(z) <
0 at 0is

T%(0)={deR: Vg(0)d<0}={deR: 0<0}=R.

Thus T%(0) # Tx (0).



