Exercises : Markov Decision Process

June 12, 2023

Exercise 1 (A simple MDP). Let X = {0,1,2,3},
A=1{0,1}. Let (X¢)ie1,5] be a controlled Markov
chain, such that, if a = 0, it stays in its state, and
if a = 1 it has a probability 0.5 of going 1 up (if
possible, otherwise stay in place), and 0.5 of going
1 down (if possible, otherwise stay in place).
Solve by Dynamic Programming the following op-
timization problem.
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You can represent the cost-to-go and the optimal
policy as matrices, each column representing one
time-step.

Exercise 2. Consider a unit that have 3 possi-
ble states : New, Working, Broken. When the
unit is New at the beginning of one year, it will
be Working at the beginning with probability 0.75
and Broken with probability 0.25. If it is in Work-
ing condition it can be either maintained or not.
If maintained, for a cost of 2, it stay in Working
condition with probability 1. If not maintainted,
there is a probability of 0.5 of staying in the same
condition, and of 0.5 of being Broken. If broken
you can either stay this way, for a cost of 5, or
repair it for a cost of 10, making it new for the
next step.

We want to manage the unit over an horizon of
T = 5 steps, starting with a new unit. Find the
policy with minimal expected cost.

Exercise 3 (Optimal stopping time). Consider
the following ”push your luck” game. At turnt the
player gain 1 point with probability 0 < p < 1, and
loose everything with probability 1 — p. At the end
of the turn she chooses to stop, earning her current
points or continue - with the risk of loosing all.

Solve the problem of maximizing expected earned
points directly and by dynamic programming.

Answers: We see that if it is optimal to stop
when you reach z point, for any y > =z it is
also optimal to stop. So the problem consists
in choosing the number of points (or equivalently
the number of turn) after which to stop. After =
turn you win x points, with probability p®. Thus
the expected value is f(z) = xp®, and we have
f'(x) = (1—=p)*(1+xIn(1—p)) which is a concave
function maximized for z = —1/In(1 — p). The
optimal number of turn is thus [—1/In(1 — p)] or
(—1/In(1 - p)].

The state = is the current number of point. The
Bellman equation reads V(z) = max{z,pV(z +
1)}. For z large enough we can guess that it is
optimal to stop, thus V(z) = x.
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Convex sets Exercise 2 (Dual cones). Recall that, for any set
. . . . KCR'K®:={yeR"|VzeK, (y,x) >0}

Exercise 1 (Perspective f'unctlon).' Let P:R™ x say that K is self dual if K€ = K.

R — R" be the perspective function defined as

P(x,t) = x/t, with dom(P) = R" x RY. 1. Show that K =R is self dual.

. 2. We consider the set of symmetric matrices
L Si;ow tyhat .the image by P ofxthe segzzent Sy, with the scalar product (A, B) = tr(AB).
[( s)’ (t)g]j v the segmem; [P(( s )y)’ P(( ¢ ))]’ Show that K = S} (R) is self dual.
r.e. P([(S)v (t)]) = [P((S))7P((t))]

3. Let || - || be a norm, show that K =
2. Show that, if C C R"™ x RY is convez, then {(z,t) | ||z < t} has for dual K® =
P(C) is conver. {1zl < A where 2l =

il
sup.,. z XI.
3. Show that, if D C R", then P~(D) is conver. Pa:|z||<1

Answers:
Answers: .
1. obvious
1. Let x and y be element of R™ x R%. 2. Let Y € S, \ S;f. Then there exists v € R,
v'Yv < 0. Moreover, v' Yv = tr(v' Xv) =
PO(3) +(1-0)(%)) tr(vTvX) < 0. Hence we have X = v'v € S;F
Or+(1-0)y such that (Y, X) <0, i.e. Y & (S5)%.
Os + (1 - 0)t On the other hand, consider ¥ € S;.
= ,uP(("f;")) +(1—-p)P ((1{)) We have the following decomposition ¥ =
Z?:l /\iqiT q;, where \; > 0 are the eigenval-
with p(f) = %. Note that 8 — pu ues, and ¢; the associated eigenvectors. Thus,
is monotonous, and u([0,1]) = [0,1]. Thus, for any X € S;i", we have
P((z.y]) = [P(x), P(y))
(Y, X) = tr( XZ/\ZqZ @) = Z)\Zqz Xq) >0

2. Consider two elements of P(C), P(z) and
P(y). To show convexity we need to show
that [P(z), P(y)] ¢ P(C). By 1. we have hence Y € (S,1)%
[P(z), P(y)] = P([z,y]) and [z,y] C C by
convexity of C.

i=1

Exercise 3. We consider the set of n X n sym-
metric real matrices Sy (R).

3. Now assume that (§) € P~ nd (Y) € 1. Show that (A, B) = tr(AB) is a scalar product
P~1(C). We need to show that %ﬁig zgi/ on Sp.
. Ox+(1-0)y
C'. This comes from 95+E1—9%t = wx/t)+(1= 2 Show that the set of semi-definite positive ma-
w)(y/s) with u = %. trices K = S (R) is a cone.



3. Show that K = S;F(R) is self dual (i.e. K =
K% for this scalar product).

Answers:

tr(AA) =

1. It is symetric and bilinear.
> aizj = 0 implie A = 0.

2. Let Aand B bein S7,,and ¢t > 0and ¢’ > 0.
Then we have, for all z € R", z #£ 0,

2" (tA+t'B)x =tz Az +t'z" Bz > 0.

3. Let Y € S, \ S;/. Then there exists v € R",
v'Yv < 0. Moreover, v' Yv = tr(v' Xv) =
tr(v'vX) < 0. Hence we have X =v'v € S;F
such that (Y, X) <0, i.e. Y & (5,;)%.

On the other hand, consider Y € S;.
We have the following decomposition ¥ =
S Aig; i, where \; > 0 are the eigenval-
ues, and g; the associated eigenvectors. Thus,
for any X € S;, we have

(Y, X) = (X > Mg q:)
=1

= tr(z )\iqiTXqZ') >0
i=1
hence Y € (S;7)*

Convex functions

Exercise 4 (Moving average). Let f: R — R be
a convex function.

1. Show that, s fol f(st)dt is convez.

2. Show that, R 5 T — 1/T fOT f(t)dt is con-
ver.

Answers:

1. Obvious from convexity of f and monotonic-
ity of the integral.

2. Change of variable u =¢/T.

Exercise 5 (Partial infimum). Let f : R" xR™ —
R be a convex function and C' C R™ a convex set.
Show that the function

:x — inf
g:x ylgcf(w,y)

1S convex.

Answers: Consider z1 and x2 in dom(g). For
e > 0, we have y; such that f(x;,y;) < g(x;) + €.
Thus,
g9(0z1 + (1 - 0)x2)
= inf f(6 1-6
ylgcf( z1+ (1 —0)x2,y)

< f(Ox1 + (1 — 0)xo, 0y1 + (1 — 0)y2)
<Of(x1,p1) + (1 —0) f(22,y2)
<0Og(z1)+ (1 —0)g(x2) +¢

taking the limit in € yields the result.

Exercise 6 (log determinant). Let, for any X €
Sn, f(X) =1In(det(X)) for X = 0, —co otherwise.
Consider, for Z = 0, and V € S,,, the function
g:t— f(Z+1tV).

1. Show that g(t) = > ,In(1l + tA\) +
f(Z), where the X\; are the eigenvalues of
Z_1/2VZ_1/2.

2. Show that g is concave. Conclude that f s

concave.
Answers:
1. We have
g(t) = F(ZY2(T + 127 Y2V 7712 712
= Indet(Z) + Indet(I +tZ~2v Zz71/%)
= f(Z2)+ zn:ln(l +tAi)
i=1

2. Concavity of g is obvious as sum of concave
functions. We have f(tX + (1 —t)Y) = g(1),
with Z = X and V =Y — X. Hence f is
concave.

Exercise 7 (Perspective function). Let ¢ : B —
R U {+o0}. The perspective of ¢ is defined as ¢ :
R% x E — R by

o(n,y) = no(y/n).
Show that ¢ is convez iff ¢ is conver.
Answers:
(n,y,2) € epid < nd(y/n) < 2

& o(y/n) < z/n
< (y/n,2/n) € epid



Thus epi ¢ is the image of epi ¢ through the per-
spective function which preserve convexity (see ex-
ercise 1).

Fenchel transform and subdifferential

Exercise 8 (Norm). Let || - || be a norm on R™
and [|y[lx := Supg|z <1 Y T be its dual norm. Let
frx—|z|. Compute f* and 0f(0).

Answers: Recall that f*(y) = sup,y' = — ||z]|.
We have y'z < ||z|||ly|ls. Thus, if |y« < 1, we
have f*(y) < sup, ||z]|(Jlyllx — 1) < 0 attained for
z=0.

Otherwise, if ||y|lx > 1, there exists = such that
y'z > 1, and we have, for all t > 0, f*(y) >
t(y'x — ||z|)). Consequently f*(y) = Iy <1-

By Fenchel-Young, 9f(0) = {y € R" | ||ly[l» < 1}.

Exercise 9 (Log sum exp). We consider f(z) :=

In(325 e™).

1. Show that f is convex. Hint : recall Holder’s
inequality 2"y < [[al,lylly for 1/p+1/q = 1.

2. Show that f*(y) = >"  yiln(y;) if y > 0 and
> ¥i =1, +oo otherwise.

Answers:

1. Let z,y € R™ and set u; = €% and v; = e¥i.
For 6 € [0, 1], we have

b+ (1 0)y) = lné it =0r)
=1

=In() | ufv; ™)
i=1

We use p =1/0 and ¢ = 1/(1 — ) in Holder’s
inequality to get

" 0 ;o0 1-9
f((g.%' + (1 — Q)y) <In (Z uz> (Z ’LLZ>

=0f(x)+ (1 -0)f(y)
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Exercise 1. Solve the following optimization
problem

Min (z—1)* + (y — 2)
z,ycR2

]

T+2y <2

Answers: The problem is convex and qualified
through Slater’s condition (e.g. (—1,0)). La-
grangian

L(z,y,p) =(z —1)* + (y - 2)°
+ i (x —y) + pe(z + 2y — 2)

KKT conditions

;

2@ —1)+p+p2=0
2y —2) —p1+2u2=0
z<y, z+2y<2

p1=>0,u0 >0
pr=0 or z=y
T+2y=2

(12 = 0 or
Ifu=pu=0weget x=1,y=2thus x+2y =
5 > 2 not admissible.

If py =0 and py > 0, we get © =2 — 2y and p2 =
2(1—x) = 4y—2, leading to 2(y—2)+2(4y—2) = 0.
Thus, y = 4/5, x = 2/5, up = 0, p2 = 6/5 >0
satisfy KKT conditions, and thus is optimal by
convexity.

Exercise 2 (First order optimality condition).
Consider, for f differentiable,

(P) Min f(2)
st. xeX

Recall that

Tx(l'o) = { deR" | ddy, — d, 3t N O,
s.t. xg + tpdy € X}

and K® = {X\ | ATz >0, Vz € K}.
Show that

1. If xg is an optimal solution to (P), then
Vf(xo) € [Tx (o)™

2. If f is convex, X 1is closed convexr, and
Vf(zo) € [Tx(x0)]®, then xo is an optimal
solution to (P).

Answers:

1. Assume that Vf(zo) ¢ [Tx(z0)]®. Then we
have d € Tx(xg) such that d"V f(zo) < 0.
By continuity of scalar product we have, for
k large enough, d] Vf(zg) < 0. We have
zo + tgdy € X, and f(xo + trdy) = f(x0) +
ted] Vf(zo) + o(trdy). Thus, for k large
enough, f(xo + trdy) < f(zo).

2. By convexity of X, we have, for z € X, (z —
xo) € Tx(xp). Further, by convexity of f,
f(z) = f(zo) + (Vf(z0) ;& — w0) = f(w0).

Exercise 3. In the following cases, are the KKT
conditions necessary / sufficient ¢

1.
min 1221 — bxo + 323
T1,22,T3
st. 1 +2x9—23=25

T — X9 > —2
201 —4dxo < 12



2.
. 2 2
min 4x] — 1272 + 75 — 1224
T1,T2
st. 1 —2x9+x3=25
22+ 323 <10
x1,r2,23 > 0
3.
min €™ — xyxy + a3
X1,22,T3
st In(e® %2 4 1T E8) < 9y 43
203 + 13 < 2
4.
min  —a
x1,22
st. —xg—(z1—1)3<0
x1,22 >0
d.
min — 2
T1,T2
st. wxg— (x1 — 1)3 <0
x1, 22 20
Answers:

1. CNS as problem is linear, thus convex and
qualified everywhere

2. CNS as problem is convex and qualified by
Slater

3. CN as constraints are convex and qualified by
Slater but objective is nonconvex

4. ONS, qualified due to
”positive-independence” condition.

constraints are

5. Neither. Indeed, no sufficient qualification
conditions are satisfied and we can even check
that the constraints are not qualified at xy =
(1,0). Indeed, we have (x; > 0 is not active
at xo)

TEX ={z|22-0<0, 22 <0} =R x {0};

T X =R" x {0}.

Exercise 4. Solve the following problem wusing
first order optimality conditions

min  — 2(z; — 2)? — 23

T1,T2
s.t. :c% + x% <25
I Z 0

Answers: First note that the constraint set is
convex, and (1,1) is a Slater’s point, ensuring
qualification everywhere.

The Lagrangian reads

L(z1, T2, p1, p2) = —2(21—2)* 23 +p1 (27423 —-25) —pozy

The KKT conditions thus read

—4(.%'1 — 2) 4+ 2p121 — e =0
=22 + 2z =0

23+ 23 <25

I Z 0

p1, p2 = 0
p =0 or a?+23=25

=0 or x1=0

If u1 = pe =0, we have 1 = 2 and x5 = 0 which
2 0
(0)- (o)
is a primal-dual point satisfying KKT conditions

with associated value 0.

If pg = 0 and e > 0 we have x1 = xo = 0 with
o = 8 > 0 which is a primal-dual point with value
—8.

If po = 0 and py1 > 0 we have

satisfies the primal constraints. Thus

—4(x1 —2) + 21 =0
—2x9 + 2122 =0
z1 >0
p1 >0
k:Jc% + x% =25

Thus, either o = 0 or u; = 1. In the first case
we get x1 = 5, g = 0, thus y3 = 6/5 > 0 and
w2 = 0 which is a KKT point with value —18. In
the second case we get z1 = 4 and xo = £3, with
w1 = 1 and po = 0 which are two KKT points
with value —17.

Finally, if 2 > 0 and g1 > 0, we have 1 = 0 and
x9 = 5 with u; = 1 and pe = 8, which are two
KKT points with value —33, and thus the global
minima.
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Exercise 1 (Dual formulation). Let g : R™ — R™.
Show that

1. Ty(z)—0 = SUP\erm Ag(x)
2. Tyz)<o = SUp R )\Tg(a;)

3. ]Ig(z)GC = SUP)¢c_c® )\Tg(l“) where C is a
closed conver cone, and C® := {\ €
R™ | A\Te>0,Ve € C}.

Answers:

1. If g(z) # 0 there is i € [m] such that g;(z) #
0, and we choose \; accordingly.

2. Same reasoning.

3. If g(x) € C, ATg(z) <0, and 0 € —C®. If
g(z) &€ C, by separation of the convex com-
pact {g(x)} from the closed convex set C
there exists A € R™ such that AT g(z) > b >
Acforall c € C. As C is a cone, tc € C for
all t > 0, and thus A\ € —C®. Further b > 0,
thus tAT g(z) — 400 when t — oc.

Exercise 2 (Linear Programming). Consider the
following linear problem (LP)

(P) Min c¢'z
x>0
s.t. Ar=b

1. Show that the dual of (P) is an LP.

2. Show that the dual of the dual of (P) is equiv-
alent to (P).

Answers:

1. The dual of (P) is
(D) M/\ax —b"A

st. ATA+¢<0

2. Direct by computing the dual of (D).
Exercise 3 (Quadratically  Constrained
Quadratic Programming). Consider the problem

Min

1 T
—x' P,
e 2513 0T +qy T+ 7o

(QCQP)

1
ia:TPix+qiTa:+ri§0 Vi € [m]

where Py € ST, and P; € S!.

1. Show by duality that, for p € R, there exists
P,,q, and r,,such that g(p) = _%quplflqu+
ru < val(P).

2. Give an easy condition under which val(P) =
sSup,>0 9 (1)

Answers:

1. Simply write the dual function we get

Pu=Po+ Y P, qu=q0+» pa
i i

Ty =70+ Z HiTi
i
2. The problem is convex, Slater’s condition en-
sure constraint qualification, thus a condition
would be the existence of a strictly satisfying
all constraints.

Exercise 4 (Conic Programming). Let K C R™ be
a closed convex pointed cone, and denote x <k y
iff y € x + K. Consider the following program,
with A € My, , and b € R™.

(P) Min c¢'z
z€R™
s.t. Ar=0»b

T <g0



1. Show that (P) is a convexr optimization prob-

lem.
2. Denote L(x,\,pu) = ¢z + AN (Adz —
b) + plz. Show that val(P) =

Mingegn SUpyepm yege L£(T, A, 11).
3. Give a dual problem to (P).
Answers:
1. 2 g 0iff x € —K, and —K is convex.

2. If x € —K, for any p € K, 'z < 0, thus
sup,cpe p @ =0. If -z ¢ K = K%, there
exists A € K9P, such that —z "X < 0, hence
SUp,c k@ p'z = +oo. (or see ex 1).

3. By min-max duality we consider

Max

—b"A+ inf (ATA+c+p) z+
AER™ pe K®

z€R™

wich yields

D)

AT N+ec+p=0 peK®

(D) Max

Exercise 5 (Duality gap). Consider the following
problem

Min e *
zeR,yeRy
s.t. :U2/y <0

1. Find the optimal solution of this problem.

2. Write and solve the (Lagrangian) dual prob-
lem. Is there a duality gap ?

Answers:
Lz, y;p) = e + pa’fy
g(p) = inf e "4 pux®/y =0
zeR,y>0

as the term inside the inf is positive, and choosing
x =t y=1t> goes to 0 for all p.

Exercise 6 (Two-way partitionning). Let W €
Sn be a symmetric matriz, consider the following

problem.
(P) Min z' Wz
rER™
s.t. i =1 Vi € [n]

2

1. Consider a set of n element that you want to
partition in 2 subsets, with a cost ¢; j if i and
J are in the same set, and a cost —c; j if they
are in a different set. Justify that it can be
solved by solving (P).

2. Is (P) a convex problem ¢

3. Show that, for any A € R™ such that W +
diag(\) = 0, we have val(P) > —> \;. De-

duce a lower bound on val(P).

Answers:

1. The constraint ensures that z; € {—1,1},
each value representing one subset. We set
Wij = cij.

2. No, because the set of admissible points is
{-1,1}".
3. The Lagrangian of (P) is

L(z,\) =z Wz + Z)\Z(m? -1)
=1

=z (W + diag(\))z — Z i
i=1

And we have,

n

g(\) = iIa?le " (W + diag(\))z — Z i
i=1

=— Z Ai = Tt diag(n)>0 < val(P)
i=1
Thus, if A\, is the small eigenvalue of W we
have W + diag(\) > 0, and val(P) > nAmin.-

Exercise 7 (Linear SVM : duality). Consider the
following problem (see : https: // www. youtube.
com/ watch?v=I0etFPgsMUc| for background)

R
wekirer2 "l
st yi(w z;+b) > 1 Vi € [n]
ni >0 Vi € [n]

1. In which case can we guarantee strong duality
?


https://www.youtube.com/watch?v=IOetFPgsMUc
https://www.youtube.com/watch?v=IOetFPgsMUc

2. Write the dual of this optimization prob-
lem and express the optimal primal solution
(wh, %) in terms of the optimal dual solution.

Exercise 8. We consider the following problem.

Min
z1,%2

s.t. (1'1 — 1)2 + (xg — 1)2 <
(1 =12+ (22 +1)2 <

af + a3 (1)
1
1
1. Classify this problem (After 5th course)

2. Find the optimal solution and value of this
problem.

3. Write and solve the KKT equation for this
problem.

4. Derive and solve the Lagrangian dual of this
problem.

5. Do we have strong duality ¢ If yes, could we
have known it from the start ? If not, can you
comment on why ¢

Answers:

1. This is a convex QCQP

2. The only admissible point, and hence the op-
timal solution is (1,0), with value 1.

3. The Lagrangian is
£(£L’, /\) :..’L‘% + IE% + )\1(((E1 — 1)2 -+ (CL'Q — 1)2 — 1)
+ )\2((1‘1 — 1)2 + (332 + 1)2 — 1)
KKT condition are

e Gradient of Lagrangian is null :

21 + 2)\1(1’1 — 1) + 2)\2(.%'1 — 1) =0
2x9 + 2)\1(33‘2 — 1) + 2)\2(.7}2 + 1) =0
e 1 is primal feasible : (z1 — 1)? + (w3 —
2 <1land (v — 1)+ (m2+1)2<1
e )\ is dual feasible Ay > 0, Ay > 0.

e Complementary slackness:

(21 —1)2 4 (z2—1)2=1
(£1— 12+ (z2+1)2=1

)\1:0 or
A =0 or

x feasible is = (1,0), which imply 2 = 0
which is impossible. Thus there is no pair
(z,\) satisfying the KKT equations. The
KKT equations fails to give the optimal solu-
tion because the constraints are not qualified.

. The Lagrange dual function is

g(A1,A2) = inf L(z, )

T1,T2

= inf (1 + A+ )\2)($% + .'L'Q)

xT1,T2
—2(A1 + A2)x1 — 2(A1 — A2)z2 + A1+ A2
(A1 +X2)? + (A1 — Ag)?
T+ A1+ X
ifl1+ XA +X>0

2

=\ + A2 —

The dual problem reads

AL+ A2 — (A — Ag)?
14+ M+ A
s.t. )\1 Z 0,/\2 Z 0

Max
A

By symmetry the optimum is attained at
A1 = Ao, thus the dual reads

A1>0

Which has value 1 and no solution.

. The dual problem have the same value as the

primal problem, thus we have strong duality.

However there does not exist a dual multi-
plier, which is why there is no solution to the
KKT equations.

We could not guarantee the existence of a
primal-dual optimal solution through KKT as
the constraints were not qualified.



Exercises: optimization problem classes

Exercise 1 (Hyperbolic constraints as SOCP).
1. Show that, for allx e R™, y € R, z € R,
z>0

e'r<yz, y>0,

" leres e

2. Represent the following problem as an SOCP

n -1
<Z (ol 2 - b))

i=1
Ax > b

(P) Max

s.t.

Answers:

1. Assume y > 0,z > 0, then y + 2z > 0 <=
xy > 0. We now assume y + z > 0, then we

e
)

—dz'z+(y

<:>‘ < (y+2)?

2)? < y? 4 2yz + 22
—dz'x < 4yz
—z'z <uyz

2. Since t — 1/t is decreasing (P) is equivalent
to

Min 21/( Tz —b)
i=1
s.t. Ax > b

By adding the lift variables z;, (P) is equiva-
lent to the problem

n

Min Z Zi
i=1
s.t. Ax >0

1/(aj x —b) > 2 >0, Vi€ [n]

which is equivalent to

n

Min Z Zi
i=1
s.t. Az > b
1< z(a] x —b), Vi € [n]

2 >0, Vi € [n]

By question 1. it is equivalent to the following
SOCP:

n
Min Z Z3
i=1
s.t. —Ax < —b

2
ajr—b—z

zi >0, Vi € [n]

’Sa?qutz,WE[n]

Exercise 2. We consider a physical function ®
that is approximated as the superposition of multi-
ple simple phenomenon (e.g. waves). Each simple
phenomenon p € [P] is represented by a function
®,:RY - R.

We have data points (x*, yk)ke[n}, and want to find
the ® that match at best the data while being a
linear combination of ®,,.

Propose a least-square regression that answer this
question.



Answers: We define the matrix M € R™*F with
coefficients My, = ®,(x). We propose the fol-
lowing last square regression problem:

Min
RP

ae

1Mo —y|* + Aol

Exercise 3. Consider a chocolate manufacturing
company that produces only two types of chocolate
— A and B. Both the chocolates require Milk and
Choco only. To manufacture each unit of A and
B, the following quantities are required:

e Fach unit of A requires 1 unit of Milk and 3
units of Choco

o Fach unit of B requires 1 unit of Milk and 2
units of Choco

The company kitchen has a total of 5 units of Milk
and 12 units of Choco. On each sale, the company
makes a profit of

e 0 per unit A sold
e 5 per unit B sold.
Model this as an LP.

Exercise 4. A classical extension of the least-
square problem, which has strong theoretical and
practical intereset is the LASSO problem

Min

| Az — b]|* + Allz[|x
zERP

Show that this problem can be cast as a QP prob-
lem.

Answers: The LASSO problem is equivalent to
the following QP problem

z AT Az — 20T Az + A Z 2

Min
zeR™ zeR™
i=1
s.t. ZT; § Zi
—x; < 2

Exercise 5. Consider the following optimization
problem.

Min clx
TER™?
s.1. Ax =10
x; € {0,1} Viel

Write this problem as a QCQP. Is it convex ¢

Answers: The constraint z; € {0,1} is equiv-
alent to z;(1 — x;) = 0. We define ¢; :=
(0,---,0,1,0,---,0) as the vector with all coor-
dinates equal to 0 except the ith which equals 1.
We set Q; = 2diag(g;) = 2¢;q; . Then, this prob-
lem is equivalent to the following QCQP problem

Min ez
reER?
s.t. Ax=b
1
ixTQﬂ:JrqingO Viel
1
—§xTQix—qiTx§0 Viel

It is not convex in the general case (i.e. if the
admissible set is neither empty or reduced to a
singleton) since the set {0, 1}" is not convex. Re-
mark that —@Q); is not positive.

Exercise 6. Consider a facility that plan to de-
liver product to clients by drone (thus in direct
line). Assume that you have N clients, each with
position (in R?) x,. The drone make each time a
direct travel from the facility location to the client.
Assume that the drone have a mazximum range of
R, and that you want to minimize the average
travel distance while being able to serve all of your
clients.

Model the problem of choosing the facility location
as an SOCP.

Answers: We want to minimize the average
travel distance 3 SN zn — y|| from a center y
to the clients (x,,) while being able to serve all of
your clients. We modelize this by the problem

1 N
My — nzl (e (1)
st. |lzn —yll £ R, Vn € [N] (2)

By adding lift variables z,, this equivalent to the
following SOCP:

1 N
Mi — 3
yeR%iIelRN n nglzn ( )
st. |lzn —yl| < R, Vn € [N] (4)

[0 = yll < 20, Vn € [N]  (5)



Exercise 7. Consider the following robust linear
program

T

Min cz
TzER™

st. (ai+Rid) 2 <b; V|Gillz <1, Vie[m]
where R; are positive real numbers. Write this

problem as an SOCP.

Answers: The constraint (a; + R;6;) 2z <
bi, V|di|l2 <1 is equivalent to
max (ai + Rl(sl)T$ < bi
8 [16:]]2<1

which is equivalent to

R; max 0z <b;—a,z.
8 | 18]|2<1
However, maxg, | |s,(,<10; @ = ||z|l. Indeed, this

result is trivial for z = 0, for  # 0, we have
that ||z| is an upper bound by Cauchy-Swhartz
inequality which is attained for §; = H% Thus,
our problem is equivalent to the following SOCP:

Min clx
TER?
st. Rillz| < —af z+ bs, Vi € [m]

Exercise 8. Let F(0) be a symmetric matriz
parametrized by 6 € R? whose coefficients are lin-
ear in 6. Model the problem of finding the param-
eter 0 € ©, where © is a polyhedron, minimizing
k(0) as an SDP.

What happen if the coefficient of F(6) are affine
in 0 ¢ Suggest a solution method ? (hard)

Exercise 9. Consider a finite set X = {z;}icn),
and P the set of probabilities on X. For P,Q €
P, with supp(Q) = X, we define the Kullback-
Leibler divergence as

A (PIQ) = piln(pi/a:)
=1

where p; = P(X = ;) and ¢; = Q(X = ;).

Let X be 100 equidistant points spanning in
[—1,1]. Let Q be uniform on X.

We are looking for the probability P on X such
that

o Ep[X] € [-0.1,0.1]

e Ep[X?] €[0.5,0.6]

o Ep[3X?%-2X]€[-0.3,-0.2]
e P(X <0)€[0.3,0.4]

that minimize the Kullback-Leibler divergence
from Q.

Model this problem as an optimization problem. In
which class does it belongs ?

Exercise 10. Consider that you sell a given prod-
uct over T days. The demand for each day is dy.
Having a quantity x; of items in stock have a cost
(per day) of cxy. You can order, each day, a quan-
tity q:, and have to satisfy the demand.

For each of the following variation : model the
problem, explicit the class to which it belongs, and
give the optimal solution if easily found.

1. Without any further constraint / specifica-
tions.

There is an “ordering cost”: each time you
order, you have to pay a fix cost k.

3. Instead of an ”ordering cost” there is a maz-
imum number of days at which you can order
a replenishment.



Exercises: Gradient algorithms

Exercise 1 (A quadratic example in R?). Con-
sider, for v > 0, f(z) = (2 +v23). We ap-
ply the gradient descent method with optimal step,
starting at (0 = (v,1).

1. Show that f is m-convex with M -Lipschitz
gradient. Find the tightest m and M con-
stants.

2. Show that

o= (N (15D

ORISR

3. Show that, on this example, the convergence
is exactly linear, that is f(z®*)) — vt is a geo-
metric series. Give its reason. Compare with
the theoretical bound.

4. When is this algorithm fast and slow ¢

Exercise 2 (Strongly convex - optimal step). Let
f:R* = R be a m-convexr C* function. Define,
for given z(©),

firte f@® =tV f (M)
t®) = arg min f;,(¢)

teR
2D — o) By (50

1. Show that there exists M > m such that mI <
V2 (")) < MI

2. Show that, for any interesting t (to be defined)
we have

Mt?

ilt) < F®) 19 f )3+ =519 73

3. Show that,
1
(k+1) (k)Y _ (k)y112
fat) < fa®) = S V)

4. Show that f(z*) > f(z) — 5= |V f(2)]3
5. Show that

Fa®T) = faf) < (1-

m

3 @®) = £

6. Show that the algorithm converges, and give
its convergence speed.

Answers:

1. Let § = levf(x(o)) f. By strong convexity it
is a bounded set. f being C?, its Hessian is
continuous and thus bounded on S, where all
z®) lives.

2. For any ¢ such that y := z*®) ¢V f(z*) € 8,
there exists z € [2(F), y], such that

Fy) =f(@®) = V™) (y —2®)
—(y — 2k

(k)
v T2y — 2 )

5

replacing y by its value, and using the upper
bound on V2f(z) yields the result.

3. Use t = 1/M in the upperbound of the previ-
ous question. Note that this choice of ¢ mini-
mizes said upper bound.

4. We have, by strong convexity,
) 2f (@) + V@) (y =)+ Flly - Il
>f(@) + Vi) (G -2) + 55—z
=f(@) ~ 5 V@)

where ¢ minizes the right hand side. We then
apply to y = z!.



5. By the previous question we have
IVf®D? > 2m(f(=®) - of).  Ques-
tion 3 then yields

D) < f@®) —m/M(f(®) = o)
substracting v* on each sides yields the result.

6. Recursively we get f(z®)) —vf < F(f(2®) -
v¥), with ¢ = 1 —m/M. In particular, for any
e > 0, we have f(z(®)) —v! < ¢ after at most

_ (0 —
In(e) lnl(r{((s O —vh)) iterations.

Exercise 3 (Strictly convex case). Let f : R" —
R be a C?, convex function with M -Lipschitz gra-

dient such that f(z%) = inf f. We define, for given
(0)
Y,

with t < 1/M.

1. Show that, for allx andy (y—=x) " V2f(2)(y—
) < Mlly — =l3

2. Show that
Fl) < @)+ V5@ )+ 5 Iy — al?

3. Show that f(x*+1)) < fa®)— L[|V f(a®))?
4. Show that

1. We have V2f(x) <= M1, thus (y —z)" (MI —
V2 f(@)(y — ) > 0.

2. Using Taylor remainder theorem we have the
existence of z € [z, y] such that

Fl) = F@HV )T =)+ 5 (5—) V() (5—)

3. We obtain

Ft) < ) - 0 -

)V f(*))]3
and with the condition on ¢t we have 1 —

Mt)2 > 1)2.

4. We use the convexity inequality to get
Fa®) < ) + VfE#)T @~ 2f) and
the result of the previous question.

5. We have
1
o (12 — 2| a0 — 43)2)
1
= (2™ = P = a® — 2f — V) P)
= VI )T (@ — 2% — 2|V )2
Thus,

Fat0) < of 4+ V0T @0 o)~ 95|
1

2 (2 — 2|2 — o) — g )

Fz®Dy < vﬁ—i—Vf(:c(k))T(a;(k)—a;ﬁ)—%HVf(ac(k)ﬁ|-2 Sum the previous inequality

5. Deduce that

1
FaHD) < vhor 2 (o -2 o~ )
6. Show that
k .
S 0) = of < o2 ® — )
=1

7. Conclude that

1
k)Y _ b < L 100 _ g2
fa®) = o < o a® - a2

Answers:

7. As f(z) — " is non-increasing we have that
the last term of the sum is lower than the
mean of the sum.

Exercise 4 (Kelley’s convergence). We are going
to prove that, if f : R™ — R is convex, and X
a non-empty polytope (bounded polyhedron) then
Kelley’s cutting plane algorithm is converging.
Consider x1 € X. We consider a sequence of
points () pen such that 5+ is an optimal so-
lution to

(P*) o) = Min z
zeX

s.1. Fla®)y + <g(“) T — x(”)> <z Vke€ k]

where g% € af (x*)).
Denote v = mingex f(x).



1. Show that v exists and is finite, and that there
k)

exists a sequence x{

2. Show that there exists L such that, for all
ki and kg, we have || f(zF)) — f(z®2))|| <
Lija®) — 2|, and ||g®)|| < L.

3. Let K. = {k € N| f(z®)) > v + ¢} be the
set of index such that %) is not an e-optimal
solution. Show that f(xp) — v if and only if
K. is finite for alle >0

4. Consider ki,ko € K., such that ko > k.
Show that

F(x®)y 4 <g(k1) ,zk2) x(k1)> < pk2) <y

5. Show that e+ f(zF)) 4 (gk1) gk — g (k) <

6. Show that e < 2L|jx*2) — (k)|
7. Prove that f(z®) — v.

8. (Optional - hard) Find a complexity bound for
the method (that is a number of iteration N
after which you are sure to have obtained a
e-optimal solution).

Answers:

1. f is finite convex and thus continuous on X
which is compact, yielding the existence and
finiteness of v.

f is subdifferentiable, thus we have the exis-
tence of g(k), and an optimal solution to P*)
exists as the solution of a bounded linear pro-
gramm.

2. We have seen that on any compact Kincluded
in the domain of a convex function f, f is
L-Lipschitz. Here dom(f) = R"™, so on the
compact K = X + B(0,¢) f is L-Lipschitz,
and on X any subgradient g is of norm lower
than L.

3. flxg) 2 viff Ve > 0,IN. € N, k> K —
f(zr) <v+e. Hence K. C [N,].

. By subgradient inequality f(y) > f(z®) +

<9(k) Y — x(k)>. Thus, for all k, v > v®),
Further, note that v®) = f(2(*)), hence using
k=ky,andy = 2(k2) we get

f($(k1)) + <g(k1) ’x(kz) _ x(k1)> < pk2) < 4

. As ky € K., we have f(z*2) = v(*k2) > ¢ +

e > f(a)) 4 (g x(k2) — gk 4+ ¢ by the
previous question.

. We have

£ <1 (@)= flat) 4] (g, 2 o0 < 2L alhe) k)

by Cauchy-Schwartz and question 2.

If f(2®)) A v, then there exists ¢ > 0 such

that (z(®))zck. ) is not finite. As X is compact
we can exctract a converging subsequence,
that is z(®*) such that 2(°*) — 2* and
o(k) € K., which is in contradiction with the
result of 6.



Exercises: Constrained Optimization

Exercise 1 (Penalization). We consider the fol-

lowing problem

(P) min  f(z)
s.t. Ax=0b, z<0

with value v and the following penalized versions

(P ;Ielﬁg%f - tZln —;)
s.tAr=0b, <0
and
(PPt mlnf )+ tz (z;)F
st. Axr=1b

with associated value v and v¥“, and an optimal

solution xi" and z§“t.

1. Intuitively, assuming that f is "well behaved”,
for t going to which value does (Pj™) tends to
the original problem (P) ¢ In which sense ?

2. What can you say about xi" ?

3. Can you compare vi" and v ?

4. Same questions for (PP").

For t going to 0 we have that (P/")
tends toward (P) : in the sense that vgm) — v
and x; goes toward an optimal solution . For ¢
small enough we have v{" > v. In any case xi" is
admissible.

For t going to 400, we have that (P2“) tends to-
(out)

Answers:

ward (P) in the sense that v;”*" — v and z{** goes

toward an optimal solutlon For t large enough,
out :

" is optimal for (P). We always have v( ) < g,

Exercise 2 (Decomposition by prices). We con-

sider the following energy problem:

e you are an energy producer with N production
units

e you have to satisfy a given demand planning
for the next 24h (i.e. the total output at time
t should be equal to d;)

e the time step is the hour, and each unit have
a production cost for each planning given as
a convexr quadratic function of the planning

e For each unit i, the production planning u* =
(U%)te[%] has to satisfy polyhedral constraints
ut € U*.

1. Model this problem as an optimization prob-
lem. In which class does it belongs ? How
many variables ?

2. Apply Uzawa’s algorithm to this problem.
Why could this be an interesting idea ?

3. Give an economic
method.

interpretation to this

4. What would happen if each unit had produc-
tion constraints ¢

Exercise 3 (Kelley’s convergence). We are going
to prove that, if f : R® — R is convex, and X
a non-empty polytope (bounded polyhedron) then
Kelley’s cutting plane algorithm is converging.

Consider x1 € X. We consider a sequence of

points (x"))en such that 2%+ is an optimal so-
lution to
(PH)) *+1D) — Min 2

B rzeX

s.t. f(z")) + <g(“

where g% € af (x*)).
Denote v = mingex f(z).

),m—x(”)>§z VK € [K]



. Show that v exists and is finite, and that there
k)

exists a sequence x{
. Show that there exists L such that, for all
ki and kg, we have || f(zF)) — f(z®2))|| <
Lija®) — 2|, and ||g®)|| < L.

CLet K. = {k € N | f(z®) > v+ ¢} be the
set of index such that %) is not an e-optimal
solution. Show that f(xp) — v if and only if
K. is finite for alle >0

. Consider ki,kys € K., such that ko > k.
Show that

F(x®)y 4 <g(k1) ,zk2) x(k1)> < pk2) <y

. Show that e+ f(zk1)) 4 (gh1)  z(k2) —p (k1)) <
. Show that € < 2LHx(k2) — g;(kl)H_
. Prove that f(x(k)) — .

. (Optional - hard) Find a complexity bound for
the method (that is a number of iteration N
after which you are sure to have obtained a
e-optimal solution).

Answers:

1. f is finite convex and thus continuous on X

which is compact, yielding the existence and
finiteness of v.

f is subdifferentiable, thus we have the exis-
tence of g(k), and an optimal solution to P*)
exists as the solution of a bounded linear pro-
gramm.

. We have seen that on any compact Kincluded
in the domain of a convex function f, f is
L-Lipschitz. Here dom(f) = R"™, so on the
compact K = X + B(0,¢) f is L-Lipschitz,
and on X any subgradient g is of norm lower
than L.

. flzg) »viff Ve > 0,IN. €N, k> K =
f(zr) <v+e. Hence K. C [N,].

. By subgradient inequality f(y) > f(z®) +

<9(k) Y — x(k)>. Thus, for all k, v > v®),
Further, note that v®) = f(2(*)), hence using
k=ky,andy = 2(k2) we get

f($(k1)) + <g(k1) ’x(kz) _ x(k1)> < pk2) < 4

. As ky € K., we have f(z*2) = v(*k2) > ¢ +

e > f(a)) 4 (g x(k2) — gk 4+ ¢ by the
previous question.

. We have

e < 1F(@®)) = f(ali)] 4+ | (g otk z0))

< 2L||x®2) — (1))

by Cauchy-Schwartz and question 2.

If f(#®)) £ v, then there exists € > 0 such

that (£*))zck. ) is not finite. As X is compact
we can exctract a converging subsequence,
that is z(°®) such that z(®*) — z* and
o(k) € K., which is in contradiction with the
result of 6.



