Exercises : Optimality conditions

March 27, 2023

Exercise 1. Solve the following optimization Recall that

problem
Tx(xo) = { d e R" ‘ ddy, — d, It (0,
Min (x — 1)+ (y — 2)? s.t. xo +tpdy € X}
,ycR2
<y (deEB:{)\H\szO,VCL‘EK}.
x+2y <2 Show that

1. If o is an optimal solution to (P), then

Answers: The problem is convex and quali-
Vf(zo) € [Tx (o)™

fied through Slater’s condition (e.g. (—1,0)).

Lagrangian 2. If f is convex, X is closed convex, and
Vf(zo) € [Tx(z0)]", then x¢ is an opti-
L(x,y,p) =(x —1)* + (y — 2)? mal solution to (P).
+p(z = y) + pa(z + 2y — 2)
Answers:
KKT conditions 1. Assume that Vf(zg) ¢ [Tx(z0)]*. Then
( B we have d € Tx (o) such that d" V f(zg) <
e =)+t p=0 0. By continuity of scalar product we have,
2y —2) - +2p2 =0 for k large enough, d] Vf(zg) < 0. We
r<y, xz+2y<2 have zg + txdr € X, and f(xg + tpdi) =
g1 > 0,09 >0 f(zo) —i—tkd;—Vf(xo) +o(tgdy). Thus, for k
=0 or z=uy large enough, f(xo + txdy) < f(zo).
(M2 = 0 or z+2y=2 2. By convexity of X, we have, for z € X,
(x — xg) € Tx(xp). Further, by convexity
W =y =0weget @ =1,y =2thus  of f, f(x) > f(zo) +(V/(z0) , & — w0) >
z + 2y = 5 > 2 not admissible. f (o).

If gy = 0 and po > 0, we get x = 2 — 2y and
pe = 2(1 — x) = 4y — 2, leading to 2(y — 2) + Exercise 3. In the following cases, are the
2(4y —2) = 0. Thus, y =4/5, & = 2/5, yy =0, KKT conditions necessary / sufficient ¢

w2 = 6/5 > 0 satisfy KKT conditions, and thus

is optimal by convexity. 1.
Exercise 2 (First order optimality condition). xllglgr,lzg 1221 = 5wy + 33
Consider, for f differentiable, st. x1+2r9—13=5
_ >
(P) Min f(z) 21— 222 2
zcR™ 2r1 —4dxo < 12

st. xeX



2.
. 2 2
min 4x] — z172 + 75 — 1227
T1,22
st. x1 —2x9+x3=25
22+ 322 <10
x1, 2,3 > 0
3.
min  ef —xyz0 + 23
X1,22,T3
st In(e™ 742 4 M) <95y 43
203 + 23 < 2
4.
min  —
1,22
st. —xg—(z1—1)3<0
x1, 22 20
d.
min  — 2
x1,22
s.t. wg— (z1 — 1)3 <0
X1, T2 Z 0
Answers:

1. CNS as problem is linear, thus convex and
qualified everywhere

2. CNS as problem is convex and qualified by
Slater

3. CN as constraints are convex and qualified
by Slater but objective is nonconvex

4. CN, constraints are qualified due to
”positive-independence” condition.

5. Neither. Indeed, no sufficient qualification
conditions are satisfied and we can even
check that the constraints are not qualified
at xo = (1,0). Indeed, we have (z; > 0 is
not active at xg)

TfoX = {x | 22—0 <0, zg < 0} = RX{O};

TneX =R" x {0}.

Exercise 4. Solve the following problem using
first order optimality conditions

min  — 2(z; — 2)% — 23
1,22
s.t. m% + a:% <25

1‘120

Answers: First note that the constraint set is
convex, and (1,1) is a Slater’s point, ensuring
qualification everywhere.

The Lagrangian reads

L(z1, T2, p1, p2) = —2(21—2)* 2341 (27423 -25) —pozy

The KKT conditions thus read
—4(%’1 — 2) 4+ 2p121 — e =0
=29 + 2z =0

23+ 23 <25

I Z 0

p1, p2 =0
p =0 or a?+a23=25

(2 =0 or z1=0
If pp = pe = 0, we have 1 = 2 and 29 = 0
which satisfies the primal constraints. Thus

(3) , <8> is a primal-dual point satisfying

KKT conditions with associated value 0.

If i1 = 0 and pe > 0 we have 1 = x9 = 0 with
o = 8 > 0 which is a primal-dual point with
value —8.

If po = 0 and p1 > 0 we have

—4(x1 —2) + 21 =0
—2x9 + 2120 =0

1 >0

p1 >0

a:% + x% =25

Thus, either zo = 0 or p; = 1. In the first case
we get 1 = 5, 9 = 0, thus g3 = 6/5 > 0 and
w2 = 0 which is a KKT point with value —18.
In the second case we get 1 = 4 and z9 = £3,
with ©1 = 1 and ps = 0 which are two KKT
points with value —17.

Finally, if pp > 0 and pq > 0, we have 1 =0
and x9 = £5 with g3 = 1 and pe = 8, which
are two KKT points with value —33, and thus
the global minima.



