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Convex optimization - Exam 2025

1 Warm up

(a) (2 points) We consider

(b) (2 points) We consider a differentiable convex optimization problem

(P) min
x∈Rn

f(x)

s.t. gi(x) ≤ 0 ∀i ∈ [m]

and a family of problem, indexed by r > 0,

(Pr) min
x∈Rn

f(x) +

m∑
i=1

regi(x)/r.

What relation can you see between (Pr) and P? What is the advantage of (Pr)? The trade-off over the
choice of r?

(c) (1 point) Write a SGD step for minimizing f(θ) = 1
n

∑n
i=1 fi(θ). If each fi is strongly convex, can we

ensure convergence toward the global minimum of f?

2 Fast dynamic programming

We are interested in finding the optimal policy to manage a battery. Every 15mn, the operator can sell (by
discharging energy from the battery) or buy electricity (by charging energy to the battery) to an external
network. The electricity price varies along time, and is here modeled with a probabilistic model. The battery
has given capacity and maximal rate of charge/discharge.

We introduce the following parameters:

• T : time horizon.

• C > 0: battery capacity [MWh].

• P > 0: maximum battery charge/discharge in one hour [MWh].

• 0 < ηp < 1: charge efficiency.

• 0 < ηd < 1: discharge efficiency.

• λt: electricity price at time t [e/MWh].

• c ≥ 0: tax paid when injecting energy onto the network [e/MWh].

Our decision variables are:

• xt: State-of-Charge (SoC) of the battery at time t [MWh].

• pt: Energy discharged from the battery between t and t+ 1 [MWh].

• bt: Energy charged to the battery between t and t+ 1 [MWh].



The operational constraints write, for t = 1, · · · , T ,

0 ≤ xt ≤ C, 0 ≤ pt ≤ P, 0 ≤ bt ≤ P. (1)

The (discrete) dynamics of the battery writes

xt+1 = xt −
1

ηp
pt + ηdbt . (2)

We suppose that the battery is initially discharged: x0 = 0. We aim at minimizing the operating cost
between time t = 1 and time t = T :

T∑
t=1

(
λt(bt − pt) + cpt

)
. (3)

We recall the following theorem.

Theorem 1 (Sensitivity analysis). Let the value function V (·) defined as V (b) = minx c⊤x s.t. Ax ≤ b
and (x(b), λ(b)) a primal-dual solution of the linear program. For all b such that V (b) < +∞, we have
−λ(b) ∈ ∂V (b).

2.1 Deterministic problem

First, we suppose the electricity prices λ = (λ1, . . . , λT ) are known in advance.

1. (1 point) Write an optimisation problem depending on λ = (λ1, . . . , λT ) whose solution is the optimal
management policy (xt, bt, pt)t=1,··· ,T . We note the optimal objective v(λ).

2. (1 point) Classify this problem and name two efficient optimization algorithms to solve it.

2.2 Stochastic problem

In what follows, we will note all the random variables in bold.
We assume that the energy prices λt follow for all t ∈ [T ],

log(λt) = log(λt) + ξt ; (5)

where λt for all t ∈ [T ] are given parameters, and ξ = {ξt}t∈[T ] is a stationary Markov chain. At each time
step t the random variable ξt can take N distinct values {ξ1, . . . , ξN}. The transition between ξt and ξt+1

is encoded by the conditional probabilities {pij}i,j=1,...,N :

P[ξt+1 = ξj | ξt = ξi] = pij . (6)

4. (1 point) Write the stochastic optimization problem aiming at minimizing the expected cost.

We want to solve the stochastic program using the Stochastic Dynamic Programming algorithm, adapted
here to the Markovian setting. The final value function is defined as VT+1(x) = 0. For t ∈ [T ] and j ∈ [N ],
we define Qt,j(·) as

Qt,j(x) = min
x+,p,b

λt,j(b− p) + cp+ Vt+1,j(x
+)

s.t. x+ = x− 1

ηp
p+ ηdb

0 ≤ b ≤ b(x)

0 ≤ p ≤ p(x)

(8)

with b(x) := min
(

c−x
ηd

, P
)

and p(x) := min
(
ηpx, P

)
. Using (8), the value functions Vt,i satisfies the

Bellman’s recursive equations

Vt,i(x) =

N∑
j=1

pijQt,j(x) , ∀x ∈ [0, C] . (9)
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For a given x, we note by gt,i(x) an element of the subdifferential of the convex function Vt,i: gt,i(x) ∈ ∂Vt,i(x).
Such an element is called a costate.

5. (2 points) We introduce the Lagrangian for the optimization problem (8):

L(x+, b, p;β, γ, π) = λt,j(b−p)+cp+Vt+1,j(x
+)−βb+β(b−b(x))−γp+γ(p−p(x))+π(x− 1

ηp
p+ηdb−x+) .

Write the KKT conditions1 of (8) and show they depend on the future costate gt+1,j(x
+) ∈ ∂Vt+1,j(x

+).

6. (1 point) Suppose that for all t, the price is non-negative: λt ≥ 0. Is it a reasonable assumption? Under
this assumption, prove that we cannot charge and discharge the battery simultaneously.

7. (2 points) Deduce from the previous question that only three situations can occur: (i) b > 0, p = 0, (ii)
b = 0, p = 0 and (iii) b = 0, p > 0. Use the KKT conditions to characterize the three alternatives using
the problem’s data and the multiplier π. Specify on each case if the battery is charging, discharging or
idle.

8. (1 point) Let π+ = gt+1,j

(
x + ηdb(x)

)
, π0 = gt+1,j(x) and π− = gt+1,j

(
x− 1

ηp
p(x)

)
. Show that

π− ≤ π0 ≤ π+.

9. (1 point) Using the two previous questions, deduce the optimal policy solution of (8) as function of the
SoC x and the electricity price λt,j . For a fixed λt,j , is the optimal policy piecewise constant? Piecewise
linear?

10. (1 point) Let qt,j(x) ∈ ∂Qt,j(x). Apply Theorem 1 to (8) to show that qt,j(x) depends on the dual
multipliers (π, β, γ).

11. (2 points) Deduce from the previous question that the costates {gt,i}t,i satisfy a set of recursive equa-
tions, analogous to the Dynamic Programming equations (9).

1You can act as if Vt+1,j was differentiable and gt+1,j(x
+) = V ′

t+1,j(x
+).
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