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Why should | bother to learn this stuff?

@ Real designs are limited by many constraints: capacities, safety limits, budgets, balances,
operating bounds.

o KKT conditions give a systematic way to understand which constraints determine an
optimum.

@ Optimization algorithms often compute more than a candidate solution: they also
produce bounds and dual information.

@ Duality is one of the basic mechanisms used by optimization solvers to assess solution
quality.
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First-order necessary optimality condition — recall

Consider a differentiable function f and

Min £(x).
Wi F()

Recall the tangent cone at a feasible point x:

x+tedk e X Yk

Tx(x) = {d €R"

It (0, Jdk = d, }
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Consider a differentiable function f and

Min £(x).
Wi F()

Recall the tangent cone at a feasible point x:

P n
Tx(x) = {dER Tt d<eX Yk

It (0, Jdk = d, }

If x* is a local minimum, then

VF(x)Td>0  Vde Tx(x).
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First-order necessary optimality condition — recall
Consider a differentiable function f and

Min f(x).

Mig

Recall the tangent cone at a feasible point x:

Tx(x) = {d €R"

3t \,0, 3d¥ > d,
c+tdeX Yk (-

If x* is a local minimum, then

VF(x)Td>0  Vde Tx(x).

In the unconstrained case X = R”, this reduces to Vf(x") = 0.
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Differentiable constrained problems

We now consider

Mg 1
st. gi(x)=0

hi(x) <0

where f, the g;, and the h; are differentiable.
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Differentiable constrained problems

We now consider

Min  £(x) (P)
st. gi(x)=0 Vi € [ng],

hj(x) <0 vj € [ni],

where f, the g;, and the h; are differentiable.

The feasible set is

X:={xeR"| gi(x)=0Vie€[ng], hj(x)<0Vje][n]}.
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Differentiable constrained problems

We now consider

Min  £(x) (P)
st. gi(x)=0 Vi € [ng],

hj(x) <0 vj € [ni],

where f, the g;, and the h; are differentiable.

The feasible set is
X:={xeR"| gi(x)=0Vie€[ng], hj(x)<0Vje][n]}.

The active inequality constraints at x € X are indexed by

Jo(x) :=={j € [m] | h(x) = 0}.
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Linearized tangent cone %

At x € X, first-order feasibility suggests
Vgi(x)'d=0,  Vhi(x)"d<0 forje Jo(x).

We therefore define the linearized tangent cone

TL(x) == {d € R"

Vgi(x)'d=0 Vic|ng],
Vhi(x)Td <0 Vj€ Jo(x) |-
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Linearized tangent cone

At x € X, first-order feasibility suggests
Vgi(x)'d=0,  Vhi(x)"d<0 forje Jo(x).

We therefore define the linearized tangent cone

TL(x) == {d € R"

Vgi(x)'d=0 Vic|ng],
Vhi(x)Td <0 Vj€ Jo(x) |-

One always has

Exercise. Prove it.
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Constraint qualification %

The linearized cone is explicit, while the true tangent cone may be difficult to compute.

We say that the constraints are qualified at x if

Tx(¥) = Tx().

Vincent Leclére Introduction to Optimization Autumn 2026 6/20



Constraint qualification

The linearized cone is explicit, while the true tangent cone may be difficult to compute.

We say that the constraints are qualified at x if

Tx(¥) = Tx().

Under qualification, the first-order necessary condition becomes
VI)Td>0  Vde Ty(x),

which is described entirely by the gradients of the active constraints.
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Sufficient qualification conditions @

Standard sufficient conditions for qualification at a feasible point x include:

O Affine constraints: all g; and h; are affine.

@ Slater’s condition: the g; are affine, the h; are convex, and there exists xs such that

g,'(Xs) =0 Vi, hj(Xs) <0 Vj.

© LICQ: the active constraint gradients

{Vei()}ieing YAV () e

are linearly independent.
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Karush—Kuhn—Tucker conditions

Theorem (KKT — first-order necessary condition)

Assume that f, the gj, and the h; are differentiable. Let x" be a local minimum and assume that the

constraints are qualified at x*.
Then there exist dual variables A € R" and ;1 € RY' such that

Vf(xj)+2)\ Vgi(x +Z,wh =0

i=1
g(')=0, h(x)<0
u=>0

pihi () =0 V) € [m]

Stationarity,

primal feasibility,
dual feasibility,

complementary slackness.
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Karush—Kuhn—Tucker conditions

Theorem (KKT — first-order necessary condition)

Assume that f, the gj, and the h; are differentiable. Let x" be a local minimum and assume that the

constraints are qualified at x*.
Then there exist dual variables A € R" and ;1 € RY' such that

Vf(xj)+2)\ Vgi(x +Z,wh =0

i=1
g(')=0, h(x)<0
u=>0

pihi () =0 V) € [m]

Stationarity,

primal feasibility,
dual feasibility,

complementary slackness.

For each inequality, complementary slackness implies

hj(x")=0 or puj=0.
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Some remarks about KKT conditions

o KKT extends the unconstrained condition V(") = 0 to differentiable constrained
problems.

@ Under qualification, KKT conditions are necessary for local optimality; non-minimizing
points may also satisfy them.

o Without qualification, a local minimum may fail to satisfy the KKT conditions.
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Some remarks about KKT conditions

o KKT extends the unconstrained condition V(") = 0 to differentiable constrained
problems.

@ Under qualification, KKT conditions are necessary for local optimality; non-minimizing
points may also satisfy them.

o Without qualification, a local minimum may fail to satisfy the KKT conditions.

@ In convex optimization (f and the h; convex, the g; affine) KKT conditions become
sufficient for global optimality (see next lecture).
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Some remarks about KKT conditions

o KKT extends the unconstrained condition V(") = 0 to differentiable constrained
problems.

@ Under qualification, KKT conditions are necessary for local optimality; non-minimizing
points may also satisfy them.

@ Without qualification, a local minimum may fail to satisfy the KKT conditions.

@ In convex optimization (f and the h; convex, the g; affine) KKT conditions become
sufficient for global optimality (see next lecture).

@ In general, the KKT system is nonlinear and complementary slackness creates multiple
active-set cases. It is nevertheless a central tool for analysis and algorithm design.
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Indicator functions for constraints Q

For a set C C R", define

Ie(x) =

0 if x e C,
+o0o otherwise.
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Indicator functions for constraints

For a set C C R", define

0 if x e C,
HC(X)={

+00 otherwise.

Two useful representations are
-
]Ig(x):O = sup A g(X)v
AER"E

and

Inixy<o = sup p' h(x).
neR
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Indicator functions for constraints

For a set C C R", define

Te(x) 0 if x e C,
X) =
¢ +00 otherwise.

Two useful representations are
-
Hg(x):O = sup A g(X)v
AER"E
and

Inixy<o = sup p' h(x).
neR

Equality dual variables are free; inequality dual variables are nonnegative.
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From a constrained problem to a min—sup problem @
Consider

Min () (P)
sit. g(x)=0,
h(x) < 0.

It is exactly equivalent to

l\é]er}, f(X) + Hg(x):O + ]Ih(x)go-
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From a constrained problem to a min—sup problem
Consider

Min () (P)
sit. g(x)=0,
h(x) <0

It is exactly equivalent to

MIIRQ’ f(X) + Hg(x):O + ]Ih(x)go-

Define the Lagrangian
L£0x A1) = F(x) + A g(x) + 7 h(x).
Then

= inf su L(x; A, ).
Pt = inf, sup (xi A, 1)
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The min—max inequality %

Let d: X x)Y — R be any function. Then

sup inf ®(x,y) < inf sup ®(x,y).
yeyXE XEX ye

Exercise. Prove this result.
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The min—max inequality %

Let d: X x)Y — R be any function. Then

sup inf ®(x,y) < inf sup ®(x,y).
yeyXE XEX ye

Exercise. Prove this result.

Thus, exchanging the order of inf and sup always provides a lower bound for a minimization
problem.
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Lagrangian dual problem @

Define the dual function
d(\, p) = inlg L(x; A\, ).
xeR"

The Lagrangian dual problem is

(D) d*:= sup d(\,p).
AER"E
peRY

Vincent Leclere Introduction to Optimization



Lagrangian dual problem

Define the dual function
d(\, p) = inIg L(x; A\, ).
xeR"

The Lagrangian dual problem is

(D)  d*:= sup d(\ p).
AER"E
uERi’

The min—max inequality gives weak duality:

d* < pﬁ.

No convexity or regularity assumption is required.
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Lower bounds, upper bounds, and certificates Q

Any dual-feasible pair A € R"E, ;1 € R} gives a lower bound:

< : < pt
d(A, ) < d p*.

TSUPX, pd(A, 1)
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Lower bounds, upper bounds, and certificates

Any dual-feasible pair A € R"E, ;1 € R} gives a lower bound:

< : < pt
d(A, ) < d p".

TSUPX, pd(A, 1)

Any primal-feasible point x gives an upper bound:

¥ = min f(x) < f(x).
Pt = min f(x) < f(x)
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Lower bounds, upper bounds, and certificates

Any dual-feasible pair A € R"E, ;1 € R} gives a lower bound:

< i < pt
d(A, ) < d p".

=SUPX, ud( A, )
Any primal-feasible point x gives an upper bound:

¥ = min f(x) < f(x).
Pt = min f(x) < f(x)

Hence
0.< F(x) - pf < F(x) — d(, 1):

In particular,

f(x)—d(\ ) <e = xis certified e-optimal.
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Strong duality @

Recall that the primal and dual values are

“= inf sup L(x, A\, pu),
phi= inf sup (%, A, 1)
ueRﬂ

d*:= sup inf L(x,\, ).

AeR"E xER”
ny
HER
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Strong duality @

Recall that the primal and dual values are

“= inf sup L(x, A\, pu),
phi= inf sup (X, A, )
MGR:’
d':= sup inf L X, A\, [L).
AER")’E XER" ( H)

MER:’

Weak duality gives

The duality gap is
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Strong duality @

Recall that the primal and dual values are

p' = inf sup L(x, A\, p),

xER" )\GR’:’E
peRY
d*:= sup inf L(x,\, ).
AER"E XER”
ny
HERY

Weak duality gives

The duality gap is

We have strong duality when

pf = d*.

Equivalently: exchanging inf and sup does not change the value.
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Strong duality @

Recall that the primal and dual values are

p' = inf sup L(x, A\, p),

xER" )\GR’:’E
peRY
d*:= sup inf L(x,\, ).
AER"E XER”
ny
HERY

Weak duality gives

The duality gap is

We have strong duality when

pf = d*.

Equivalently: exchanging inf and sup does not change the value.
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Saddle point

Recall

pf = inf sup L(x, A, 1), d* = sup inf L(x, A, ).
X \pu>0 Au>0 X
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Saddle point

Recall

pf = inf sup L(x, A, 1), d* = sup inf L(x, A, ).
X \pu>0 Au>0 X

A triplet (<, \", /") is a saddle point of the
Lagrangian if

Lo A, 1) < LGN 17y < L, Vi)

for all x, A, and i > 0.
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Saddle point

Recall

pf = inf sup L(x, A, 1), d* = sup inf L(x, A, ).
X \pu>0 Au>0 X

A triplet (<, \", /") is a saddle point of the
Lagrangian if

Lo A, 1) < LGN 17y < L, Vi)

for all x, A, and i > 0. Figure: Geometric intuition: a saddle point
is @ minimum in one direction and a
Then maximum in another.

db = L(x, 00, 00 = ph

Thus x" is primal optimal, ()", /%) is dual optimal,
and strong duality holds.
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Convex sets

A set C C R" is convex if

Vx,y € C, W el0,1, Ox+(1-0)yeC.

Equivalently, the segment joining x and y is contained in

C.

convex
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Convex sets

A set C C R" is convex if
Vx,y € C, V0 e€]0,1], Ox+(1—-0)yeC.
Equivalently, the segment joining x and y is contained in

C.

The convex hull of C is

K
conv(C) := {Z 0 x;
i=1

It is the smallest convex set containing C.

Xi € Ca 9/207
25:19/:1 '
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Convex functions

A function f : C — R is convex if C is convex and

f(()xo F(1- 0)x1) < 0f(x0) + (1 — 0)f(x1)
T

for all xg, x1 € C and all ¢ € [0, 1].

Geometrically: the graph of f lies below its chords.
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Convex functions

A function f : C — R is convex if C is convex and

f(()xo F(1- o)xl) < 0f(x0) + (1 — 0)f(x1)
—_———

=:xp
for all xg, x1 € C and all ¢ € [0, 1].

If f is differentiable, convexity is also equivalent to
f(x0) > f(x0) + VF(x0) ' (x0 — x0)

and similarly for xj.

So a differentiable convex function lies above its
tangents.
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What you should know

The four KKT conditions: stationarity, primal feasibility, dual feasibility, complementary
slackness.

o KKT conditions are necessary only under appropriate constraint qualification, and are not
sufficient in general.

The definition of the Lagrangian, dual function and dual problem.

Weak duality and the meaning of primal and dual bounds.

@ What strong duality and a saddle point mean.
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What you should be able to do

@ Write the KKT conditions of a differentiable constrained problem.
@ Use KKT conditions to solve small problems by hand.

@ Check the simple constraint qualification conditions used in the course.

@ Derive the Lagrangian dual of a simple problem.
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