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Foreword

This document is a textbook for the course Optimisation 1A at Ecole des Ponts et Chaussées,
Institut Polytechnique Paris. It is designed to be self-contained, but it assumes familiarity with
basic concepts from linear algebra, calculus, and real analysis.

These notes will be available during the exam, and you will be invited to cite them in your
answers.

Reading conventions. Throughout the book, we use the following symbols to help organize
your reading and highlight important results:

e No symbol indicates core material.

o O for very important results (key ideas and tools you should remember).

e  for results that can be skipped on a first reading, but are part of the curriculum.
e I for sections or results that are not part of the curriculum.

e (*) marks a more advanced question or exercise part.

Thanks. These notes are largely based on the lecture notes of previous years, written by Frédéric
Meunier. I am grateful to him for sharing his notes and for his help in preparing the course.
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Notation / Quick reference

The index set {1,...,n}.

The nonnegative real numbers.

The effective domain {x | f(x) < 400}.

The sublevel set {z | f(z) < M}.

The tangent cone to X at x.

The linearized tangent cone at x.

The indices of the inequality constraints active at x.
The Lagrangian.

An optimal point or optimal solution.

Optimal values (primal, dual, objective, and so on).
The convex hull of a set S.

The conic hull of a set S.
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Chapter 1

Introduction

1.1 What is optimization?

Optimization is the mathematical discipline concerned with making the best decision under
constraints. In mathematical terms, it means minimizing (or maximizing) an objective function
over a feasible set.

To work with real-world questions, we first model them as mathematical problems, then
study the properties of optimal solutions and how to compute them.

An optimization problem is defined by a decision variable x (what we can choose), a set X
of feasible decisions (the constraints), and an objective function f (also called a criterion) that
measures the quality of a decision. In this course we mostly consider minimization problems of
the form!

1\/£{in f(x) (1.1a)
s.t. xecX (1.1b)

where s.t. stands for subject to. Any x € X is a feasible solution; a global minimizer x! € X is
an optimal solution; and

inf{f(x) | x € X}

is the optimal value. In particular, the optimal value may be —oo if the problem is unbounded
below, or +oo if it is infeasible?. Maximization is equivalent to minimizing — f.

1.1.1 Motivating examples

Optimization problems arise in many different contexts. In engineering design, one may want
to minimize the material used to build a device subject to geometry or performance constraints
(e.g. the shape of a chimney with fixed inlet/outlet diameters). In physics and mechanics, one
often characterizes equilibria or trajectories via energy principles (e.g. minimizing a potential
energy, or, more generally, optimizing an action functional). In statistics and machine learning,
one typically fits a model by minimizing a loss function (e.g. maximum likelihood or regularized
empirical risk minimization). In economics and operations management, agents may maximize
a utility or profit subject to budget and resource constraints. Finally, in logistics and networks,
one may plan a transportation scheme, a delivery tour, or a routing strategy that minimizes a
total cost or congestion.

!Throughout this text, scalars are denoted by plain letters (e.g. ¢ € R) and vectors by bold letters (e.g. x € R™);
the i-th component of x is written x;. For a positive integer k, we use the shorthand [k] := {1,...,k}.
2With the classical convention that inf ) = +00 and sup = —cc.



2 CHAPTER 1. INTRODUCTION

Here are a few representative examples, spanning several modeling paradigms that will reap-
pear throughout the course.

QO Ezample 1.1 (Production planning (LP)). A company produces n goods. Each unit of good j
consumes a;; units of resource 7 and yields a profit p;. Let x; > 0 denote the quantity of good j
produced. The goal is to maximize total profit subject to resource availabilities b; and demand
limits d; :

Max Z PiT; (1.2a)
T e

s.t. Z ajjr; < b Vi € [m] (1.2b)
Jj€ln]

0<uz; <d; Vj € [n] (1.2¢)

This is naturally modeled as a linear program (LP).

O Ezample 1.2 (Knapsack (0-1 ILP)). We have n items with values v; and weights w;, and a bag
with capacity W. Let x; € {0,1} indicate whether item 7 is selected. The goal is to maximize
total value without exceeding the capacity:

Max Z VT (1.3a)
* i€ln)

s.t. Z wiz; < W (1.3b)
i€[n]

z; € {0,1} Vi € [n] (1.3¢)

This is a simple and intuitive integer linear program (0-1 ILP).

Example 1.3 (Traveling salesman problem (TSP)). Given n cities and pairwise travel costs ¢;;,
find a shortest tour visiting every city exactly once and returning to the start. Let x;; € {0,1}
indicate whether arc (4, 7) is used in the tour:

Myf(in Zcij:rij (1.4a)
i

s.t. Z zij =1 Vi € [n] (1.4b)
jeln\{a}

Z zj =1 Vi € [n] (1.4c)

jem\{i}
> m=1 V) C S C [n] (1.4d)
i€S je[n]\S
zi; € {0,1} Vi, j€n], i#j (1.4e)

The third family of constraints (subtour elimination) ensures the solution forms a single connected
tour. The TSP is computationally hard in general and motivates mixed-integer modeling and
exact algorithms such as branch-and-bound. It is also a special case of the vehicle routing problem
(VRP), which has many practical applications in logistics and transportation. Alternative TSP
formulations are presented in Example 5.5 and Exercise 5.3.

Ezample 1.4 (Spring equilibrium (QP)). Consider a system of masses connected by linear springs.
The equilibrium displacement vector q € R™ minimizes the total elastic potential energy minus
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the work of external forces f:
Mqin %qTKq—qu (1.5a)
s.t. Ag=Db (1.5b)

where K € R™" is the symmetric positive semidefinite stiffness matrix and Aq = b encodes
boundary conditions (e.g. fixed supports). The objective is quadratic in q, so this is a quadratic
program (QP).

Ezample 1.5 (Maximum entropy at equilibrium (statistical physics)). At thermal equilibrium, a
physical system can occupy microscopic states ¢ with energies F;, but we only observe coarse
macroscopic information (e.g. the average energy U). A natural modeling principle is to choose
the least biased probability distribution (p;) consistent with these constraints, i.e. the one max-
imizing the Shannon entropy:

(ps)
st Y pi=1 (1.6b)

ZpiEi =U (1.6¢)

pi >0 Vi (1.6d)

Max — Z p; log p; (1.6a)
i

This yields the Gibbs-Boltzmann distribution p; o< e #F:.

Despite the variety of settings, the modeling step is similar: choose decision variables, write
constraints describing feasible decisions, and define an objective to optimize.

1.1.2 < Some real-world applications of optimization

Let us briefly mention three representative application areas that fit particularly well with the
finite-dimensional models studied in this course.

Energy dispatch and marginal prices. In electric power systems, one repeatedly solves dis-
patch problems to decide how much each generator should produce in order to meet demand at
minimum cost, subject to operational constraints (capacity limits, ramping limits, reserve re-
quirements, and possibly network constraints). In its simplest form (“economic dispatch”), a key
constraint is the balance equation “total generation equals total demand”. The Lagrange multi-
plier associated with this balance constraint has a direct economic meaning: it is the marginal
price of energy, i.e. the cost increase induced by tightening the balance by one unit. In market
settings, this “shadow price” interpretation underlies the way clearing prices are computed; with
network constraints, one obtains the more refined notion of locational marginal prices.
Transportation and logistics. Many logistics decisions can be formulated as optimization
problems on networks: how to ship goods from plants to warehouses and stores, how to route
vehicles, how to select depots, or how to schedule deliveries. When the decisions are continu-
ous flows, these models often lead to linear programs (transportation and minimum-cost flow).
When discrete choices are essential (vehicle routing, facility location, “open/close” decisions), one
naturally arrives at mixed-integer linear programs. This modeling paradigm is widely used in
supply-chain design, last-mile delivery, and production-distribution planning.

Structural design. In mechanics and engineering design, one may want to minimize weight
or material usage subject to stress, displacement, or stability constraints. After discretization
(e.g. by finite elements), many such questions become finite-dimensional optimization problems
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where the decision variables are geometric parameters, material properties, or design coefficients.
Quadratic energy models yield quadratic programs, while more detailed models lead to nonlinear
constrained optimization. The resulting multipliers can again be interpreted as sensitivity indi-
cators (e.g. how the optimal objective would change if a load limit or a displacement tolerance
were tightened).

1.1.3 X Beyond finite-dimensional optimization

The focus of this course is on finite-dimensional problems (decision variables in R™ with finitely
many constraints). Many important areas of modern optimization go beyond this setting, but
they often lead to finite-dimensional problems after suitable approximations (discretization, sam-
pling, or relaxation). We briefly mention a few of these extensions.

Optimal control. When the decision variable is a function of time, we enter the realm of
optimal control. A typical problem consists in finding a state trajectory x(t) and a control u(t)
that minimize an integral cost (and possibly a terminal cost), for instance

T
/0 0(x(t), u(t)) dt + $(x(T)),

subject to a dynamical constraint %x(t) = f(x(t), u(t)), pointwise constraints on u(¢) and/or x(t),
and boundary conditions on x(0) and x(7"). After time discretization (direct transcription), one
typically obtains a large but finite-dimensional constrained optimization problem. Applications
include trajectory optimization in aerospace and robotics, as well as energy management in
dynamical systems.

Shape optimization. In shape optimization, the decision variable is a geometric object (a
domain, a boundary, or a shape parameterization), and the objective depends on the solution
of a physical model on this domain (often a PDE). Typical goals include minimizing drag,
maximizing lift, or minimizing compliance (maximizing stiffness) under a volume constraint.
After discretization of both the geometry and the governing equations, these problems lead to
high-dimensional constrained optimization with strong links to sensitivity analysis. Applications
include aerodynamic design, lightweight structures, and topology optimization in mechanical
engineering.

Optimal transport. Optimal transport studies how to transform one distribution into another
at minimum cost. In the discrete setting, given masses (a;) and (b;) and a transportation
cost matrix (c;j), one seeks a coupling (7;;) minimizing »_, ; ¢;;m;; under marginal constraints
> ;i Tij = and ), m;; = bj; this is a linear program. Beyond its classical logistics interpretation,
optimal transport defines distances between probability measures (Wasserstein distances) that
are used in statistics and machine learning (e.g. for comparing datasets, domain adaptation, or
generative modeling).

Stochastic programming. In stochastic programming, the data depend on a random variable
(demand, prices, renewable production, ...), and one aims at decisions that perform well on
average. A standard template is a two-stage model: a first-stage decision is taken before uncer-
tainty is revealed, then a second-stage recourse decision adapts after observing the outcome, and
the objective involves an expectation. In practice, expectations are often approximated by sam-
ple averages (scenario models), leading to large but finite-dimensional optimization problems.
Applications include supply-chain planning and energy procurement under uncertain demand or
renewable generation.

Robust optimization. Robust optimization takes a worst-case viewpoint: uncertain data are
assumed to lie in a prescribed uncertainty set, and one seeks decisions that remain feasible
for all realizations while minimizing the worst-case objective. For many uncertainty sets, robust
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counterparts of linear or convex models remain tractable and provide explicit guarantees. Typical
use cases include production planning with uncertain demands, portfolio selection with uncertain
returns, and safe engineering design under parameter uncertainty.

Game theory. When several decision-makers interact, optimization naturally leads to equilib-
rium concepts. In a zero-sum game, one player minimizes a payoff while the other maximizes
it, leading to a min—max problem closely connected to duality and saddle points. In general
(nonzero-sum) settings, one looks for Nash equilibria, where each player is optimal given the
others. Applications include market models, congestion /traffic equilibria, and adversarial formu-
lations in learning.

1.1.4 X A short history of optimization

Optimization problems were studied long before the field was identified as a discipline. In
the late 17th century (1690s), the calculus of variations emerged from questions such as the
brachistochrone. In the 18th century (1780s), Monge formulated the transportation problem.

Optimization (often called mathematical programming) developed rapidly in the 20th cen-
tury, driven by applications and the rise of computing. Linear programming and the simplex
method appeared in the 1940s, and first-order optimality conditions for constrained nonlinear
problems were formalized in the early 1950s (KKT conditions). In the 1960s-1970s, convex
analysis and duality became a unifying language: convexity makes local optimality global, and
Lagrangian /Fenchel duality yields bounds and optimality certificates.

By the 1960s, space guidance and navigation pushed optimal control and optimal estima-
tion (LQR/Kalman filtering, later LQG) into high-stakes large-scale engineering. From the late
1970s to the 1980s, practical continuous optimization was shaped by robust numerical methods:
trust-region and line-search globalization for Newton-type methods, and quasi-Newton updates
(notably BFGS, widely adopted in the 1980s) made smooth unconstrained optimization reliable
at scale.

In the 1980s (especially after 1984), interior-point methods provided an alternative to simplex
for LP, with strong polynomial-time theory and excellent performance on many large structured
problems. On the discrete side, branch-and-bound and cutting planes matured into branch-and-
cut; combined with better presolve, cutting strategies, and computing power, MILP solvers made
a qualitative jump in the late 1990s, turning many integer models into routinely solvable tools
for practice.

Algorithm design remains active well beyond the “classical” era. In the 2000s, first-order
methods for nonsmooth convex problems (proximal and splitting methods, accelerated gradients)
became mainstream for large-scale learning and inverse problems. In the 2010s, stochastic-
gradient methods (mini-batch SGD and variants) underpinned deep learning at massive scale,
while modern conic solvers and renewed interest in nonconvex optimization expanded the frontier.
Across these developments, the same core ideas keep recurring in new forms: geometry /convexity,
duality and certificates, and scalable algorithms that exploit structure.

1.2 Practice and tools in optimization

Solving an optimization problem in practice is an iterative loop between modeling, computation,
and evaluation. It is rarely a linear pipeline: an unsatisfactory solution may mean going back to
the model (variables/constraints/objective), revisiting assumptions, or collecting better data. In
particular, it is very rare to have a closed-form solution to an optimization problem; optimization
is mostly about designing and using numerical algorithms that compute (often approximate)
solutions reliably.
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1.2.1 Modeling

Modeling an optimization problem is a delicate task. It consists of (i) identifying decision vari-
ables (those we can act upon, as opposed to parameters that are given data), (ii) making con-
straints explicit, which may be hard (must be satisfied, typically physical constraints) or soft
(may be violated but at a cost, typically economic constraints), and (iii) defining the objective
criterion, i.e. a function measuring the quality of a solution.

This step often requires iterations between engineers and domain experts to refine the model.
Common pitfalls are well-known. A first one is to confuse prior beliefs about what a “reasonable”
solution should look like with actual constraints that must be enforced. A second one is to forget
constraints altogether, which can yield unrealistic solutions and then trigger a long sequence of
ad-hoc constraint additions. A third one is to use an objective that does not faithfully capture
the intended trade-offs, especially when several criteria must be balanced.

1.2.2 Formalization

Formalization turns a real-world question into a precise mathematical statement by specifying
decision variables, constraints, and an objective function.

It is useful to first write the formal problem on paper or in IXTEX, then translate it into
code. This is typically done using a modeling language (or modeler) to express the problem in
a concise, human-readable form that can be passed to an optimization solver. Examples include
Pyomo or PuLLP in Python, JuMP in Julia, or modeling languages such as AMPL or GAMS.

1.2.3 Tools (modeler, solver, post-processing)

A typical optimization toolchain combines four complementary elements.

Modeler. A modeling language (e.g. Pyomo, JuMP, AMPL) expresses variables, constraints,
and objectives in a way that stays close to the mathematical formulation, while handling indices,
data, and common modeling patterns.

Solver. The solver (e.g. Gurobi, MOSEK) is the numerical engine that takes a model in a
supported class (LP, QP, SOCP, MILP, ...) and computes a solution together with diagnostic
information (termination status, feasibility /optimality certificates when available). Commercial
solvers are often expensive, although free academic licenses (including for students) are widely
available.

Post-processing. Once a solution is produced, post-processing tools (often in Python or Julia)
are used to interpret the output: check residuals and constraints, compute derived quantities,
perform sensitivity analyses, and visualize results.

Programming language. Finally, a general-purpose programming language orchestrates the
whole workflow: reading data, building and solving a model repeatedly (e.g. in a simulation or
parameter sweep), and integrating optimization as a component of a larger pipeline.

1.2.4 Method selection

Depending on the optimization problem type and the goal, one can use very diverse approaches.
To keep things simple, one can distinguish methods that aim at producing a good solution effi-
ciently (often local in nonconvex problems), and methods that provide guarantees or certificates
(e.g. global optimality in convex optimization, or proven optimality for LP/MILP via duality
and branch-and-bound).

Even though this course (and others) will present various solution algorithms, it is highly
recommended not to implement them from scratch, but to rely on existing libraries. Indeed,
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theoretical algorithms are often not efficient in practice and require many safeguards and im-
provements to become usable.

In a nutshell, it is usually best to start by writing the optimization problem clearly (on
paper or in IATEX), then code it in a modeler, and rely on a solver rather than re-implementing
algorithms.

1.2.5 Numerical evaluation

Once the problem is formalized and a method is selected, it must be implemented to compute a
solution. Real-world problems are often too complex to be solved exactly, or even approximated
efficiently. In some cases, approximations are needed (e.g. discretizing a continuous problem,
neglecting some constraints, or ignoring some variables).

After a solution is obtained, it is important to evaluate it numerically and verify that it is
acceptable (including with respect to what may have been neglected in the modeling). This
typically includes checking feasibility residuals, solver termination status and tolerances, and,
when available, optimality measures or certificates (e.g. KKT residuals, duality gaps). It is also
useful to assess the sensitivity of the solution to changes in the data or to small modifications
of the objective function. In data-driven settings, one should also evaluate the solution out-
of-sample to avoid optimizing for noise. If one wants solutions that remain valid under data
perturbations, one may turn to robust optimization, an active research area.

1.3 < Some elements of complexity theory

1.3.1 Discrete complexity: P, NP, and reductions

The word “efficient” has a precise meaning in theoretical computer science. Roughly speaking,
an algorithm is considered efficient if its running time is bounded by a polynomial function of the
input size (the number of bits needed to encode the data). Polynomial-time bounds are robust
under reasonable changes of computational model, whereas exponential-time bounds typically
become prohibitive as the instance size grows.

A decision problem is a yes/no question with an input instance (data). Many optimization
problems are studied through such associated decision versions. For example, given a minimiza-
tion problem min{f(x) | z € X} and a threshold B, one can ask: “does there exist x € X such
that f(x) < B?7”. This translation is useful because complexity theory is traditionally formu-
lated for decision problems; intuitively, the optimization problem is “hard” whenever its decision
version is hard.

In this course, the relevant class is NP, which consists of decision problems whose “yes” answers
can be verified in polynomial time given a suitable certificate (also called a witness). The class
P consists of decision problems that we know how to solve in polynomial time. One always
has P C NP, and it is widely believed that P # NP (this is one of the central open problems
in theoretical computer science). The P versus NP question is one of the Clay Mathematics
Institute’s Millennium Prize Problems. For optimization, this perspective helps set expectations:
linear programming has polynomial-time algorithms, while many discrete optimization problems
(including standard forms of 0—1 linear programming) are believed not to admit polynomial-time
algorithms in the worst case.

The formal way to express “at least as hard as” is through reductions. A polynomial-time
(many-one) reduction from a decision problem A to a decision problem B is an algorithm that
transforms any instance of A into an instance of B in polynomial time, in such a way that the
answer is preserved (yes maps to yes, no maps to no). If A reduces to B and B can be solved
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in polynomial time, then A can also be solved in polynomial time. A problem is called NP-
hard if every problem in NP reduces to it; if it is NP-hard and also belongs to NP, it is called
NP-complete.

To make these notions concrete, here are three classical NP-complete problems, stated in
elementary terms. (3-Partition) Given 3m integers and a target sum B, can one partition the
integers into m triples, each summing exactly to B? (Knapsack, decision version) Given items
with weights and values, a capacity W, and a target value V, is there a subset of items of total
weight at most W and total value at least V? (Traveling salesman, decision version) Given
pairwise distances between cities and a bound B, is there a tour visiting every city exactly once
(and returning to the start) of total length at most B? Their associated optimization versions
(maximize value, minimize tour length, ...) are therefore NP-hard.

1.3.2 Continuous optimization: accuracy and iteration complexity

In continuous optimization, another notion of “complexity” is routinely used: instead of asking
for an exact solution, one asks for an e-optimal solution, i.e. a point X, such that f(x.) — f* <e
(when an optimal value f* exists and is finite). For iterative methods, one is then interested in
the number of iterations (and the total computational effort) required to reach such an accuracy.

This viewpoint naturally leads to iteration complexity results. For instance, for smooth convex
minimization, first-order methods such as gradient descent admit rates of the form f(x*) — f* =
O(1/k), and in the strongly convex case one typically obtains linear rates (roughly, an error that
decreases geometrically with k). In nonconvex smooth optimization, where global minimizers
may be hard to locate, it is common to measure accuracy through stationarity (e.g. |V f(x*)|| <
g). These results quantify the behavior of algorithms in terms of an accuracy parameter e, and
complement (rather than replace) the discrete complexity viewpoint above.

1.4 Course objectives

The main objective of the course is to provide tools to study and, when possible, solve differ-
entiable constrained optimization problems, i.e. problems of the form (1.1) where X C R" is
described by finitely many equalities and inequalities involving differentiable functions. More
precisely, we focus on problems of the form

M&g}l f(x) (1.7a)
s.t. gi(x) =0 Vi € [ng] (1.7b)
hj(x) <0 Vi € [ni] (1.7¢)

where f, the g;, and the h; are differentiable functions from R™ to R.
The course is organized around four main pillars:

e Constrained optimization: Lagrange multipliers and KKT conditions.
e Convex optimization: why convexity leads to stronger guarantees and tractable duality.
e Linear programming: polyhedra, simplex, and duality.

e Integer optimization (intro): mixed-integer linear programming and branch-and-bound
(overview).



Chapter 2

Optimization under constraints

In this chapter we study first-order optimality conditions for differentiable constrained problems:
Lagrange multipliers for equality constraints and the Karush-Kuhn-Tucker (KKT) conditions
for problems with inequalities. We also explain why some form of constraint qualification is
needed for KKT to hold, and we introduce the Lagrangian viewpoint and weak duality.

Roadmap. We start by fixing the basic vocabulary (extended-value functions, optimal value
versus optimal solution) and the topological tools behind existence results. We then introduce
tangent cones and constraint qualifications, derive the Lagrange multiplier rule and the KKT
conditions, and conclude with a first look at Lagrangian duality.

2.1 Vocabulary and notation

We collect here a few basic notions (notation, optimality, and extended-value functions) that
will be used throughout the course. Some of the vocabulary below was introduced informally in
Chapter 1; here we give precise definitions.

Notation conventions. For a positive integer k, we write [k] := {1,...,k}. Vectors with
all entries equal to 0 (resp. 1) are denoted by O (resp. 1). We define the extended real line by

R := RU{—00, +00}, and we set R := RU{+o0}. In minimization, R is the natural codomain for
extended-value objective functions (the value +o00 encodes infeasibility), while R will occasionally
appear for optimal values (infima/suprema) and dual functions.

2.1.1 Optimization problems

Recall from Chapter 1 that an optimization problem consists in minimizing an objective function
f over a feasible set X C R™:

1\/£{in f(x) (2.1a)
s.t. xecX (2.1b)

In this chapter we allow f to take values in i{s (see extended-value functions below). We denote
the optimal value by
=inf{f(x) | x € X} € R,

and any x* € X such that f(x!) = p* is an optimal solution. The problem is feasible if X # ().
We will also need local optimality: a point x* € X is a local minimum of f on X if there
exists a neighborhood V of x* in R” such that f(x*) < f(x) for all x € V N X.

9
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2.1.2 Extended-value functions

Allowing f to take the value +o0o is a convenient way to encode constraints. For a function

f+E — R on a vector space FE, its domain is
dom f:={x € E| f(z) < +o0},
and its sublevel set at level M € R is

levy (f) = {z € B | f(z) < M}.

Differentiability convention. When an extended-value function f : R” — RU {400} is said
to be differentiable at x, we mean that f is finite on an open neighbourhood of x and differentiable
there in the usual sense. The same convention applies to twice differentiable functions. When we
say that f is differentiable (or twice differentiable) on its domain, we therefore implicitly assume

that its domain is open. For a set A C E, we denote by I4 : £ — R the indicator function
defined by [4(z) =0 if z € A and I4(x) = 400 otherwise.
The indicator function provides a simple way to rewrite constrained problems as uncon-

strained ones. Indeed, for any set X C E and any function f : F — TR), one has
inf f(2) = inf (f(2) +Lx(2)).

The right-hand side is an ordinary unconstrained infimum on E, but it enforces the constraint
z € X implicitly since Ix(z) = 400 outside X. This viewpoint will be used later to derive the
Lagrangian and weak duality by replacing constraints with suitable supremum representations
of indicator functions.

2.2 Elementary results on R"

We start with some results on unconstrained optimization in R™.

Remark 2.1 (Optimal value versus optimal solution). An optimization problem may have a finite
optimal value but no optimal solution. For example,

1
Min - (2.2a)
x xr

st. x>0 (2.2b)

has optimal value 0 (as x — +00), but the value is not attained by any feasible .

2.2.1 Existence results

The previous example shows that an optimal solution need not exist, even when the optimal
value is finite. We now give a few sufficient conditions for existence of optimal solutions.

We refer to Appendix A, Section A.1 for the basic notions of compactness and continuity,
and for the extreme value theorem.

O Theorem 2.1. Let C be a nonempty compact subset of R". If f: C — R is continuous, then
Min f(x) (2.3a)

X
s.t. xeC (2.3b)

admits at least one optimal solution.
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f(z)

Figure 2.1: A problem may have a finite optimal value but no optimal solution.

Proof. This is an immediate consequence of the extreme value theorem; see Corollary A.4 in Appendix A. O
We say that a function f: R™ — R is coercive if f(x) — 400 as ||x|| = +o0.
Q@ Theorem 2.2. If f: R™ — R is continuous and coercive, then the problem

Egﬁgl f(x) (2.4a)

admits at least one optimal solution.

Proof. Since f is coercive, there exists r € R4 such that |[x|| > r implies f(x) > f(0). The global minimum
of f restricted to the closed ball centered at 0 with radius r exists by Theorem 2.1, and is therefore an optimal

solution to the unconstrained problem. O

2.2.2 Unconstrained first- and second-order conditions

If f is differentiable, a critical point is a point where the gradient vanishes. An unconstrained local
minimum of a differentiable function must be a critical point (a first-order necessary condition).
It is not sufficient in general, as illustrated by Figure 2.2.

Q Theorem 2.3 (FONC). Let x! be a local minimum of f: R® — ﬁ If f is differentiable at
x*, then Vf(x*) = 0.

Proof. Let d € R™. Since x* is a local minimum, for all sufficiently small ¢ > 0 we have
H76 i) - 16)) 2 0,

which yields V f(x*) -d > 0. Similarly, for all sufficiently small ¢ > 0,
(16¢) - 16 — 1)) <o,

which yields Vf(x*) - d < 0. Therefore Vf(x*) -d = 0 for all d € R", hence V f(x*) = 0. Ul

¢ Theorem 2.4 (SOSC). Assume f: R™ — R is twice differentiable on its domain. If xt e
dom f satisfies V f(x!) = 0 and V2 f(x") is positive definite, then x* is a local minimum.
Proof. Write the second-order Taylor expansion at x*:

F06 4 1) = F() + BV + of [,

Since V2 f(x*) is positive definite, there exists a > 0 such that h' V?f(x*)h > a|/h||* for all h € R™. Choose
n > 0 such that the remainder satisfies o(||h||*) > —%|/h||* whenever ||h|| < n. Then f(x* + h) > f(x*) for

[Ih|| <7, so x* is a local minimum. O
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global max

local max
inflexion point

local min

global min

Figure 2.2: Illustration of critical points.

2.3 ¢ Feasible directions and tangent cones

We now return to constrained optimization in a general form:

Min f(x) (2.5a)
s.t. xeX (2.5b)

where X C R” is the feasible set and f : R” — R.

2.3.1 Existence under constraints

¢ Theorem 2.5. Assume f: R™ — R is continuous on its domain and coercive, and assume
X Ndom f is a nonempty closed subset of R™. Then the constrained problem (2.5) admits at least
one optimal solution.

Proof. Pick any xo € X Ndom f. Since f is coercive, there exists r > 0 such that ||x|| > r implies f(x) > f(xo).
By restricting f to the nonempty compact set (X Ndom f) N B(0,r) and applying Theorem 2.1, we obtain an

optimal solution. ]

2.3.2 Tangent cone

¢ Definition 2.6 (Feasible direction and tangent cone). Let X C R™ and let x € X. A vector
d € R" is a feasible direction at x if there exist t;, \,0 and d* — d such that x + t;,d* € X for

all k. The set of all feasible directions at x is denoted by Tx (x) and is called the tangent cone
of X at x:

Tx(x) :={d € R" | 3t; \, 0, 3d* — d such that x + t,d* € X Vk}.

" Lemma 2.7. For any X CR"™ and any x € X, the tangent cone Tx(x) is closed.

Proof. Let (d*)x be a sequence of feasible directions at x converging to d. By definition, for each k there is a
sequence witnessing that d* is feasible. Choose d* and ¢ from that sequence recursively so that

1, k=1,

d* —d*|| < 1/k, ty <
| Ih<1/ S\ min{1/k, tio1/2}, k> 2,
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and x + t,d* € X. Then d* — d and t, \, 0, so d is feasible. O

2.3.3 A first-order necessary condition

{ Theorem 2.8. Let f: R" — ié and let x* be a local minimum of f on X. If f is differentiable
at x*, then

Vix)-d>0  foralld € Tx(x).

Proof. Let d € Tx(x*) and choose sequences (t;) and (d*) from the definition, so that x* + ¢,d* € X, t, > 0,
tr, — 0 and d* — d. Since x* is a local minimum, for k large enough we have f(x* + t,d*) > f(x*). Using
differentiability at x*,

FOF + ted®) = f(xF) + 1 V() - d° + oftul|d”).

Dividing by ¢ and letting k — oo yields Vf(x¥) - d > 0. O

2.4 Differentiable constraints and constraint qualifications

We now focus on problems described by finitely many differentiable equalities and inequalities:

Min  f(x) (2.60)
st gi(x)=0 Vi € [ng] (2.6b)
hj(x) <0 Vi € [ng] (2.6¢)

The feasible set is

X :={xeR"|gi(x)=0, Vi € [ng], hj(x) <0, Vj € [ng]}.

2.4.1 Linearized tangent cone

Definition 2.9 (Active set). For x € X, the set of active inequality constraints is
Jo(x) :={j € [n1] | hj(x) = 0}

¢ Definition 2.10 (Linearized tangent cone). Assume g; and h; are differentiable at x € X.
The linearized tangent cone at x is

T4 (x) := {d €R" | Vgi(x)-d =0, Vi € [ng], Vhj(x) d <0, ¥j e Jo(x)}.

One always has Tx (x) C T%(x):

¢ Lemma 2.11. Assume g; and h; are differentiable at a feasible point x € X. Then Tx(x) C
T (x).

Proof. Let d € Tx(x) and pick sequences ¢, \, 0 and d* — d such that x +t;,d* € X for all k. For each equality
constraint g;(x + txd”) = 0 and g;(x) = 0, so by differentiability at x,
txd"[])

=Vgi(x)-d" + 0(7.
tr

) 9ixt 1) — gu(x)
tr

Since d* — d, the sequence (d*) is bounded, so ||txd”||/tx = ||d"|| stays bounded and %}fkm — 0. Letting
k — oo yields Vg;(x) - d = 0. Similarly, for each active inequality constraint j € Jo(x) we have hj(x 4 txd*) <0
and h;(x) = 0, hence
_ Ry _p k
G0 ) _ gy gy )
k k

which yields Vh;(x) - d < 0. Therefore d € Tk (x). 0

0=

)
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The true tangent cone may be difficult to compute, whereas the linearized cone is described
explicitly by the gradients of the constraints. The possible difficulty is that linearization may
introduce spurious first-order directions, so the inclusion may be strict. Constraint qualification
is precisely the condition that no such directions remain.

¢ Definition 2.12 (Constraint qualification). We say that the constraints are qualified at a
feasible point x € X if
Tx(x) = Tx(x).

Ezample 2.1 (A constraint that is not qualified). Consider min{z | 3 > 0} on R. The unique
minimizer is #¥ = 0, but the constraint is not qualified at 0: one can check that Tx(0) = Ry
while T% (0) = R.

2.4.2 Sufficient qualification conditions
Checking Tx (x) = T%(x) directly is often difficult. Here are standard sufficient conditions.

Q Proposition 2.13. If all the functions g; and h; are affine, then the constraints of (2.6) are
qualified at every feasible point.
Proof. Let x € X and d € T%(x). Since the equalities are affine, g;(x + td) = 0 for all t € R. Write each
inequality as h;(x) = a} x +b;. If a] d > 0, then necessarily h;(x) < 0 (otherwise d ¢ T (x)). For each j € [n/],
define a radius €; > 0 as follows:
e ifa;d <0,set g; :=1 (then hj(x +td) = hj(x) +ta, d < hj(x) <0 for all t € [0,1]);
e if a] d > 0 (hence hj(x) < 0), set g := —%z) > 0 (then h;(x+td) <0 for all ¢ € [0, ¢,]).
a!
J
Since there are finitely many constraints, letting € := minjcp,,j€; gives ¢ > 0 and x4+ td € X for all t € [0,¢].
Thus d € Tx(x) and T% (x) C Tx(x). O

QO Proposition 2.14 (Slater’s condition). Assume g; are affine and h; are conver and differ-
entiable. If there exists xg € R™ such that gi(xs) = 0 for all i and hj(xg) < 0 for all j (strict
feasibility), then the constraints of (2.6) are qualified at every feasible point.
Proof. Fix a feasible point x € X. We already know Tx(x) C T%(x) (Lemma 2.11); we prove the reverse
inclusion.

Let d € T%(x) and define s := xs — x. Since the g; are affine and g(xs) = g(x) = 0, one has Vg;(x) -5 =0
for all i. Moreover, for any active inequality constraint j € Jo(x), convexity of h; gives

hj(xs) = hj(x) + Vh;(x) " (xs —x) = Vh;(x) s,

so Vh;(x)"s < 0 because hj(x) = 0 and h;(xs) <

For € > 0, set d. :=d + es. Then Vg,(x) d. = O for all ¢, and for j € Jo(x) we have

Vh;(x)"de = Vhj(x)'d+eVhi(x) s <0,

since Vh;(x)'d < 0 by d € T (x). By differentiability of h; at x, this strict inequality implies that h;(x+td:) < 0
for all sufficiently small ¢ > 0. For inactive constraints h;(x) < 0, feasibility of x + td. holds for small ¢ > 0 by
continuity. Finally, because the g; are affine and Vg;(x) - d. = 0, one has g;(x + td.) = 0 for all . Therefore
x +td. € X for all ¢t € (0,tc], so de € T'x(%x).

Since Tx (x) is closed (Lemma 2.7) and d. — d as € | 0, we conclude that d € T'x(x). Thus T%(x) C Tx (x)
and qualification holds. ]

I Proposition 2.15 (Mangasarian-Fromovitz constraint qualification (MFCQ)). Assume g;
and hj are continuously differentiable and let x! € X. Assume that the family (Vgi(xﬁ))ie[w] 18

linearly independent. If there exists d € R" such that
Vgi(x*)-d=0, Vi€ [ng],  Vhix!)-d<0, Vje Jo(x),

then the constraints of (2.6) are qualified at x*.
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Proof. (Proof sketch.) We already know Tx (x*) C T%(x*) (Lemma 2.11). We prove the reverse inclusion.
Let d € T%(x") and, for € > 0, set d. := d 4 ed. Then Vg;(x¥) - d. = 0 for all 4, and

Vh;(x*)-d. = Vh,(x*) -d + e Vh;(x*) -d <0 Vje Jo(xF).

By differentiability, this implies hj(x*+td.) < 0 for all active j and all sufficiently small ¢ > 0; inactive inequalities
remain satisfied by continuity.

It remains to satisfy the equalities exactly. Since the gradients (Vgi(xﬁ))ie[nE] are linearly independent,
the Jacobian Dg(x*) has full row rank, and the set {x | g(x) = 0} is a C* manifold near x* (implicit function
theorem). Moreover, every direction d. with Dg(x*)de = 0 is a tangent direction to this manifold: there exists a
C" curve 7. (t) such that 7. (0) = x*, g(7:(t)) = 0, and 7.(0) = d.. Replacing x* + td. with 7.(t) = x* +td. +o(t)
preserves the strict inequalities for small ¢, hence 7. (t) € X for t € (0,t.]. Therefore d. € Tx (x*).

Finally, since Tx (x*) is closed and d. — d as € | 0, we obtain d € Tx(x*). Thus T%(x*) C Tx(x") and
qualification holds. O

Corollary 2.16 (LICQ implies qualification). Assume g; and h; are continuously differentiable
and let x' € X . If the family

{v.gi(xﬂ)}ie[nE] U {th(xﬁ)}jng(xﬁ)

is linearly independent (LICQ), then the constraints of (2.6) are qualified at x*.

Proof. Let Jo(x*) = {j1,...,jm}. Consider the matrix A € R™"E+™*" whose rows are Vg1 (x*) 7, ...,.Vgn, (x)) 7, VR, (xH) 7, ...,
LICQ means that A has full row rank, hence the linear map d — Ad is surjective onto R™# ™ Therefore there
exists d € R" such that

Ad=(0,...,0,—1,...,—1)".

np entries ‘m entries
In particular, Vg;(x") - d = 0 for all i and Vh;(x) - d < 0foralje Jo(x*), so MFCQ holds at x* and
Proposition 2.15 yields qualification. O

2.5 Equality constraints: Lagrange multipliers

For pedagogy, we first consider equality constraints only:

Min /() (2.72)
s.t. g9i(x) =0 Vi € [ng] (2.7b)

Definition 2.17 (Lagrangian (equality constraints)). Define g(x) := (g1(X), ..., gny(x)) € R™E.
The Lagrangian is
L(x,A) == f(x)+ATg(x), AeR"™.

¢ Lemma 2.18. For any matriz M, one has Im(M) = (Ker(M "))+,

O Theorem 2.19 (Lagrange multipliers, equality case). Assume f and g; are differentiable and
let x* be a local minimum of f on X = {x | gi(x) =0, i € [ng]}. If the constraints are qualified at
x* (in particular, this holds if (Vgi(xﬁ))ie[nE] is linearly independent), then there exists \* € R"E
such that

Vi) + Y NV =0, gx) =0,
1=1

Proof. By Theorem 2.8, Vf(x*)-d > 0 for all d € Tx(x*). For equality constraints, T% (x*) = {d | Vgi(x*) -d =
0, Vi € [ng]}, and qualification gives T'x (x*) = T% (x*). Thus Vf(x*)-d > 0 for all d in a linear subspace, which
forces Vf(x*)-d = 0 for all d in that subspace. Let G be the Jacobian matrix whose rows are Vg;(x*)". The
subspace above is Ker(G), so Vf(x*) € (Ker(G))* = Im(G") by Lemma 2.18. Therefore Vf(x*) = —G T A\* for

some A, which is the desired relation. ]
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Figure 2.3: If x* is not a constrained local minimum, the gradient V f(x*) may have a component
tangent to the constraint manifold, yielding a feasible direction that decreases the objective.

Ezample 2.2 (A simple equality constraint). Minimize |/x||* subject to a'x = 1 with a # 0.

The Lagrangian is £(x, \) = &[|x||* 4+ A(a"x —1). Stationarity gives x+ Aa = 0, hence x = —\a.

Using a'x = 1, we obtain
1

~Aal* =1 A= -
||a|| Y ||CLH2’

and therefore x# = ﬁ.
a

Ezample 2.3 (A constrained polynomial on the sphere). Consider min{z® + ¢3 | 22 +¢? = 1}.
At an optimal solution (zf,%") there exists A € R such that

3 4 2xaf =0, P +ont=0, P4y =1

This yields finitely many candidates (e.g. (£1,0), (0,+£1), :I:%(l, 1)), among which the minimum

can be selected by evaluation.

Ezample 2.4 (Connected vessels and equal water levels). Consider n vertical vessels connected
at their bases. Let ar(y) > 0 be the cross-sectional area of vessel k at height y. If its water level
is xy, then its volume is

Viay) = /0 " axly) dy,

and, up to a common positive physical constant, its gravitational potential energy is

Ey(zg) = /Ozk y ax(y) dy.

For a fixed total volume V > 0, equilibrium is modeled by

n T
Min Z/ y ax(y) dy
k=170

T1,y..,Tn >0

n Tk
s.t. Z/ ag(y)dy = V.
k=170
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Figure 2.4: At a constrained local minimum (under qualification), V f(x*) belongs to the span
of the constraint gradients {Vg;(x")}, i.e. it is orthogonal to the tangent directions.

Assume that the vessels are sufficiently tall, the functions are regular enough, and the equilibrium
has z, > 0 for every k. With g(x) = >, Vi(xzr) — V, the constraint is qualified because
Vg(x) = (a1(z1),...,an(zyn)) # 0. The Lagrangian is £(x,X) = >, Ex(zx) + Ag(x). By the
fundamental theorem of calculus, stationarity gives

rrak(xg) + Aag(zk) =0 VEk.

Since ax(xy) > 0, we obtain
T = —A\ Vk.

Thus all connected vessels have the same equilibrium water level, independently of their shapes.
The multiplier is minus this common level.

2.6 © Karush—Kuhn—Tucker conditions

We return to the general constrained problem (2.6). We have the following first order necessary
condition, known as the Karush-Kuhn—Tucker (KKT) theorem.

O Theorem 2.20 (KKT theorem (first-order necessary condition)). Assume that f, g; and h;
are differentiable and let x* € X Ndom f be a local minimum of f on X. If the constraints are
qualified at x¥, then there exist multipliers \* € R"E and pf € R such that

ng nr
(stationarity) Vi) + Z Angi(xﬁ) + Z u?th (x*) =0,
i=1 j=1
(primal feasibility) gi(x") =0, Vic[ng],  hi(x*) <0, Vj e [n],
(dual feasibility) pt >0,

(complementary slackness) ,ug hi(x*) =0, Vj € [ng].
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hl(X) =0

hg(X) =0

Figure 2.5: Geometric interpretation: at a local minimum x*, the negative gradient —V f(x*)
belongs to the cone generated by the gradients of the active constraints (under qualification).

2.6.1 How to use the KKT theorem in practice

The KKT theorem provides a system of equations and inequalities that any qualified local mini-
mizer must satisfy. The key difficulty is complementary slackness: for each inequality constraint
hj(x) <0, one must have

so at a KKT point each constraint is either inactive (then hj(x) < 0 and necessarily p; = 0) or
active (then h;(x) =0 and p; is an additional unknown).

In the small-dimensional problems of this course, this naturally leads to a case distinction
(equivalently, an enumeration of active sets): choose, for each j € [ns], whether p; = 0 or
h;j(x) = 0, solve the resulting stationarity /feasibility system, and keep the solutions that satisfy
p > 0 and all constraints.

Since KKT conditions are only necessary in general, the surviving KK'T points are candidates
(local maxima and saddle points may also satisfy them), and one then compares objective values
(or uses second-order information') to identify minima.

In the convex setting of Chapter 3, KK'T conditions become sufficient under suitable regu-
larity, so any feasible KKT point is globally optimal; in that case, the same active-set reasoning
becomes an effective way to solve exercises, but not a general-purpose numerical method for large
instances.

Ezample 2.5 (A box-and-halfspace constrained quadratic). Consider the problem in R?
R S
Min —|x]| s.t. 1 +wxe>1, 21 >0, x22>0.
xeR2 2
Rewrite the inequalities in the form h(x) < 0:

ho(x) =1 —x1 — o, hi(x) = —1, ho(x) = —s.

All constraints are affine, hence qualified at every feasible point. The KKT system reads: there

LConstrained second-order optimality conditions are beyond the scope of this course.
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exist p = (po, 11, p2) € R3 such that

. . 1 1 0
(stationarity) X — [0 <1> — 11 (0 — g (1) =0,

(feasibility) r1+x9>1, x11>0, 29>0,
= 07

(complementary slackness) po(1 —x1 — z2) wiry =0, poxe =0.

We now distinguish the four cases corresponding to whether the nonnegativity constraints are
active.

e Case 1: x; > 0 and x2 > 0. Then complementary slackness gives p; = po2 = 0.
Stationarity yields x1 = x2 = up.

— If po = 0, then x = (0,0), which is infeasible since x1 + x > 1.

— If pp > 0, then complementary slackness for hg enforces 1 —x; —x2 =0, i.e. 29 = 1.
11

Hence o = 5 and x* = (3, 3).
e Case 2: x1 =0 and x2 > 0. Then puo = 0 and stationarity gives x1 — pg — 1 = 0, hence
w1 = —po. Since pg, w1 > 0, we get ug = p1 = 0, and then stationarity forces xo = 0,
contradicting xo > 0. Thus this case yields no KKT point.

e Case 3: x1 > 0 and x2 = 0. By symmetry with Case 2, this case yields no KKT point.

e Case 4: 1 =0 and x2 = 0. This case is infeasible because x1 + o > 1.

Therefore the only KKT point is x! = (%, %) (with pg = L and py = pp = 0), which is indeed

2
the unique global minimum of this problem.

2.6.2 Some remarks about KKT conditions

The KKT conditions extend the unconstrained first-order condition V f(x*) = 0 to constrained
problems. In the unconstrained case, a nonzero gradient provides an immediate descent direction
(typically —V f(x%)), so local optimality forces V f(x*) = 0. With constraints, descent directions
must be compatible with feasibility; the multiplier form of stationarity expresses that there is no
feasible first-order descent direction and that —V f(x*) can be balanced by the gradients of the
active constraints.

Outside convexity, these conditions are generally necessary but not sufficient: local maxima
and saddle points may also satisfy them. Moreover, without constraint qualification, a local
minimum may fail to satisfy KKT conditions (see the example in Section 2.4). They nevertheless
remain a central tool for analyzing solutions, deriving certificates, and motivating algorithms.

2.6.3 Proof sketch of the KKT theorem

The following geometric lemma is the key ingredient for passing from the tangent-cone condition
of Theorem 2.8 to the KKT multiplier form. Geometrically, it says that ¢ has nonnegative inner
product with every vector satisfying the cone inequalities if and only if —c belongs to the conic
hull of the ay’s.

¢ Lemma 2.21 (Farkas lemma (cone form)). Let ay,...,an, € R" and let A = (a1,...,am) €
R™ ™ For ¢ € R™, the following are equivalent:

1. ¢-d>0 for alld € R" such that ap, - d <0 forallk=1,...,m;
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2. there exists y € R’ such that c = —Ay.

In the KKT proof below, ¢ plays the role of Vf(x*) and the a;’s are the gradients of the
active constraints; the Farkas lemma then produces the Lagrange multipliers.

Proof sketch of Theorem 2.20. Theorem 2.8 gives V f(x*)-d > 0 for all d € Tx (x*). Qualification gives T (x*) =
T (x’i)7 which is defined by linear equalities and inequalities on d involving the gradients of the constraints.
To apply Lemma 2.21, write each equality Vg;(x*) - d = 0 as the pair of inequalities Vg;(x¥) -d < 0 and
(—Vgi(xu)) -d < 0, which leads to a free-signed multiplier )\g when the two nonnegative multipliers are combined.
Applying Lemma 2.21 to this linear system yields multipliers Af and uﬁ > 0 such that the stationarity condition

holds, with M?- = 0 for inactive constraints. Complementary slackness follows from ug = 0 for inactive constraints

and h;(x*) = 0 for active ones. O
Ezample 2.6 (One-sided constraint in R). Minimize f(x) = (x — 1)? subject to x > 0, i.e.
h(z) = —x < 0. The unconstrained minimizer 2 = 1 is feasible, so z* = 1 is optimal. KKT holds
with pf = 0.

2.7 Lagrangian viewpoint and weak duality

This section introduces a complementary viewpoint on constrained problems: instead of working
directly with feasibility and tangent cones, we embed the constraints into the objective through
Lagrange multipliers. This produces (i) a family of lower bounds on the optimal value (weak
duality) and (ii) a language that, in favorable settings, reinterprets KKT conditions as a saddle-
point condition.

2.7.1 From constrained problems to a min—sup formulation
Let g(x) := (9i(X))ieng € R™ and h(x) := (hj(x))jen;) € R™. Define the Lagrangian of
Problem (2.6) by

LxA ) = F() + ATg(x) + pTh(x), (A ) € R™ x R,

For the feasible set X of (2.6), the original primal problem (2.6) can be written as?

Min F(x) + Iy0=0 + Tnx)<o-

This reformulation is exact and does not require any assumption: the minimizers and the optimal
value are unchanged, since infeasible points are simply assigned value +oo.
Using the dual representations

Hg(x):OZ sup ATQ(X)’ ]Ih(x)SO: sup HTh(X)v
AER"E /"ERiI

we obtain, again without any assumption, the following min—sup representation of (2.6):

Min sup L(x, A, p).
xcR™ . nr
AER"E, peR

Indeed, for a fixed x, the inner supremum is finite if and only if x € X N'dom f (in which case
it equals f(x)), and it is 400 otherwise.

The Lagrangian dual problem is obtained by exchanging the order of the Min and sup, i.e.
by replacing “Min sup” with “Max inf”. As we will see, this exchange always yields a valid bound
(weak duality), and in convex settings it may even be exact (strong duality).

*Recall that Is is the indicator function of the set/condition S (equal to 0 when it holds and +oo otherwise).
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2.7.2 Dual function and weak duality

Define the dual function

A\, p) = ian L(x,\, p) €R.
xeR™

The associated Lagrangian dual problem is

Max d(X\, ) (2.8a)

Ap
s.t. A eR"E (2.8b)
peRY (2.8¢)

¢ Lemma 2.22 (Min-max inequality). Let ® : X x ) — R. Then
sup inf ®(x,y) < inf sup ®(z,v).
sup Inf, (z,y) < ot sup (z,9)
Proof. Fix any x € X and y € ). By definition of infimum and supremum,
inf ®(z’,y) < (z,y) < sup (z,y’).
z'eXx y' ey

Taking the supremum over y € ) in the left inequality and the infimum over z € X in the right inequality yields
the claim. O

Q Proposition 2.23 (Weak duality). Let p* be the optimal value of the primal problem (2.6)
and let d* be the optimal value of the dual problem (2.8). Then p* > d*.

Proof. Apply Lemma 2.22 to ®(x, (A, u)) = L(x, A, u) with X = R"™ and Y = R"Z x R}’. The right-hand side is
exactly the primal value in its Minsup form, hence equals p*. The left-hand side is supy ,~qinfx £(x, A, p) = d*
by definition of the dual problem. O

2.7.3 Lower and upper bounds
Weak duality (Proposition 2.23) gives, for any dual-feasible multipliers (X, p) € R"® x R"Y,

d(A, ) < p*~.

Thus dual feasibility provides a lower bound on p*. Conversely, any primal feasible point x € X
provides an upper bound, since
*
P < f(x).

The difference between an upper bound and a lower bound is called a duality gap.

These bounds provide certificates of solution quality: if an algorithm produces a primal
feasible point x and dual-feasible multipliers (A, p) such that f(x) — d(X, p) < g, then x is
certified e-optimal.

2.7.4 Strong duality and saddle points

When the duality gap is 0 one speaks of strong duality; in that case, optimal primal and dual
solutions form a saddle point of the Lagrangian. Strong duality is not guaranteed in general: in
Chapter 3 we will see that convexity and Slater’s condition provide a powerful framework where
strong duality holds and KKT conditions become sufficient for global optimality.

Definition 2.24 (Saddle point). Let ® : X x Y — R. A pair (2*,y%) € X x ) is a saddle point
of ® on X x Y if

®(zf,y) < B(aF,yf) < B(x, v for all (z,y) € X x Y.
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¢ Proposition 2.25 (Saddle point implies strong duality). Assume there exists (x!, A, u¥) €
R xR xR} such that (x*, (N, u)) is a saddle point of the Lagrangian £ on R™x (R™# x R"}1).
Then strong duality holds (p* = d*), x? is primal optimal, and (/\ﬁ, ,uﬁ) 18 dual optimal. Moreover,

p* = d* == ﬁ(xﬁ7 Aﬁv I‘l’ﬂ)

Proof. By the saddle property,

inf L0 M, pf) = L6 N pf) = sup LA p).

AER"E, ueRif

The left-hand side is d(A*, u¥) < d* by definition of d*. If x* is not feasible, then either g(x*) # 0 or some
component of h(x*) is positive; in both cases one can send a multiplier to oo (for equalities) or +oo (for
inequalities) and obtain SUPX, >0 ll(xﬁ, A, ) = +oo, which contradicts the finite saddle value. Hence x' e X,
and then supy ,,>¢ L(x* X, 1) = f(x*) > p*. Together with weak duality d* < p*, this forces p* = d* and shows
that both x* and (A*, uf) are optimal. O

2.7.5 Sensitivity interpretation of multipliers

In many problems, Lagrange multipliers quantify how the optimal value changes when perturbing

the constraints: roughly, Ag (or ,ug) measures the marginal cost of tightening the corresponding
constraint. This is sometimes called the shadow price interpretation.

Ezample 2.7 (Shadow price of a bound constraint). Consider the parametric family of problems
indexed by b € R:

p*(b) := min z? subject to x> b,
z€R

ie. h(z)=b—2<0.
e If b < 0: the unconstrained minimizer zf = 0 is feasible, so p*(b) = 0; KKT gives uf = 0.

e If b > 0: the constraint is active at zf = b, so p*(b) = b%; KKT stationarity 2b — uf = 0
gives pt = 2b.

d *
In both regimes, p# = %(b): the multiplier equals the rate at which the optimal value increases
when the constraint is tightened (i.e. when b increases).

The connection between multipliers and sensitivity becomes particularly clean under strong
duality and regularity assumptions (see Chapter 3).
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2.8 Exercises

Exercise 2.1
Let p',...,p* € R”. Consider the problem

S
v 3 - plE
Min 2 [x —p'll2

1. Show that an optimal solution always exists, and that it can be obtained from a simple
explicit formula.
2. This optimal point is well-known: what is it called?
Solution

Exercise 2.2
With the same data as in the previous exercise, consider

Mi — plls. R
Min igﬁfs\lx P'[]2 (R)

The goal is not to compute the optimizer, but to prove existence and give an alternative modeling.
1. Explain why this is also called the smallest enclosing ball problem.
2. Explain why (R) has at least one optimal solution.?

3. By introducing a variable t, rewrite (R) with a linear objective, no equality constraints,
and only polynomial inequality constraints.

Solution

Exercise 2.3
Let A € R™*"™ and b € R™.

1. Explain why the function x € R"” — ||Ax — b||2 attains a global minimum on R" (this is
the classical least-squares problem).

2. Deduce that the linear system A" Ax = A'b always has at least one solution.
Solution

Exercise 2.4 Fermat’s principle and Snell’s law

Two points lie on opposite sides of a horizontal interface:
A= (0,(1), B = (L7_b)7

where @ > 0, b > 0, and L > 0. Light travels at speed v; > 0 above the interface and at speed
vg > 0 below it. Assume that the ray consists of two straight segments meeting the interface at
C = (x,0). According to Fermat’s principle, the physical trajectory minimizes travel time.

1. Show that the travel time is

B \/a:2+a2+\/(L—:U)2—|—b2

T
() o o~

3In fact it is unique, but this is not the point here.
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2. Show that T" admits a minimizer.
3. Show that T"(z) > 0 and deduce that the minimizer is unique.

4. Let 0, and 65 be the angles made by the two segments with the normal to the interface.
Derive Snell’s law from the first-order optimality condition.

5. If v1 = ve, what does the optimality condition mean geometrically?

Solution

Exercise 2.5

Consider
Min 23 — gy + 23
st 2?4y +22=1.
1. Show that an optimal solution exists.

2. Find an optimal solution using KKT conditions.

Solution

Exercise 2.6
Let n > 1 and consider

Max > s;In(x;)
st. a-x=1
x € (RL)",

where s; > 0 for all ¢ € [n].

1. Determine the optimal value when there exists j such that a; < 0.
From now on assume that a; > 0 for all 4.

2. Using a compactness argument, show that an optimal solution exists.

3. Find it using KKT conditions.

Solution

Exercise 2.7

Consider the problem
Min x' Mx
st [|x]|2 =1,

where M is a square matrix.
1. Show that an optimal solution exists.
2. Characterize it using KKT conditions.
3. Deduce that every real symmetric matrix has an eigenvector.

Solution
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Applying the KKT conditions

Exercise 2.8

Solve
Min % + 23
st. —2x1—29+10<0

—z1 <0.
Solution
Exercise 2.9
Solve
Min 527 + 623
st. x11—4<0
25 — 22 — 13 <0.
Solution

Exercise 2.10

For the problem
Min (21 + 1)% + 23
st. —a3 4+ 122 <0,

compute the tangent cone T'x(z1,2z2) (a justification based on a drawing is enough) and the
linearized cone T% (w1, 72) at (x1,72) = (0,0).

Deduce that constraint qualification fails, and check that KKT conditions do not apply at
the optimum.

Solution

Exercise 2.11
Solve the problem (n > 2)

n
Max Hln(:ﬁi)
i=1
n
s.t. Z €xr; = n?
i=1

x; >1 Vi € [n].
1. Show that an optimal solution exists.

2. Show that any optimal solution satisfies xf > 1 for all 4.

3. Show that there exists A € R such that for all 7,
)\xg ln(xg) = H ln(:cg.).
j=1

4. Explain why A # 0 and deduce an optimal solution.
5. Is it unique?

Solution
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Exercise 2.12
By studying the problem
Min (5 200, 2i)" — T, i
st x|IP=1
x; >0 i € [n],

show that the arithmetic mean is always at least the geometric mean (for positive numbers).

Solution
Duality
Exercise 2.13
Find the dual of the following problem:
Min c¢-x
st. Ax <b.
Solution

Exercise 2.14

Consider
Min b5z 4+ 1ly+ 2

st. z4+y—22>19
—y+2z2>13
r+y=>24
x,y,z > 0.

1. Write the dual problem.

2. A heuristic algorithm returns the primal point (32,0, 13) and the dual point (5,6,0). Did
it actually find an optimal solution of the primal?

Solution
Exercise 2.15
Let M be positive definite. Find the dual of
Min x'Mx+c-x
s.t.  Ax <b.
Solution
Exercise 2.16
Consider
Min e*2
s.t. I S €T
x9 > 0.

1. Compute its optimal value.
2. Find the dual problem and its optimal value.

3. Does strong duality hold?

Solution
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Exercise 2.17

Consider again the problem from Exercise 2.10:

Min (21 + 1)% + 23
st. —az+a2d<o.

1. Compute its optimal value.

2. Find the dual problem and its optimal value.

3. Does strong duality hold?

27

Solution
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Chapter 3

Convex optimization

Convex optimization is the study of problems where both the feasible set and the objective enjoy
convexity properties. This structure is fundamental: for convex problems, any local minimum
is global; first-order conditions become both necessary and sufficient; and duality often provides
certificates of optimality and sensitivity information.

We continue to consider problems of the form

Min  f(x) (3.1a)
s.t. xeX (3.1b)

and the differentiable constrained problems of the form (1.7) from Chapter 1. We focus on the
conver case: f is convex and X is convex in (3.1); and for (1.7), the equality constraints are
affine while the inequality constraints are convex.

Beyond these theoretical simplifications, convex formulations arise in many applications (e.g.
portfolio optimization, statistical learning, signal processing, optimal control). For a broader
reference, see e.g. Boyd and Vandenberghe [1].

3.1 Convexity

We begin with the basic geometric notions (convex sets and convex functions) that underpin the
theory and the algorithms of convex optimization.

3.1.1 Convex sets

Q Definition 3.1 (Convex set). A set C C R" is convex if for all x,y € C and all t € [0,1],
tx+(1—t)yecC.

The whole space R" is convex, and the intersection of any family of convex sets is convex.
Figure 3.1 illustrates convexity.

Definition 3.2 (Convex hull). For a set C C R", the convex hull of C is

k k
CODV(C) = {Z)\Z’Xi|k€N, XiEC, A >0, Z)\izl}'

i=1 i=1

It is the smallest convex set containing C.

29
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Figure 3.1: Two subsets of the plane. The left one is not convex, the right one is convex.

Proposition 3.3 (Operations preserving convexity). If C1,Cy C R™ are convex, then the fol-
lowing sets are convex:

e the intersection C; N Cy and, more generally, (..; Ci for any index set I;

iel
e the Cartesian product C1 x Cy and the Minkowski sum Cy + Co = {x1 + x2 | z; € C;};

e the image A(Cy) = {Ax | x € C1} and the inverse image A=(Cy) = {z | Ax € Ca} under
an affine map A;

o translations C1 + xg and scalings tC1 for t > 0; in particular, the projection of a convex
set onto any affine subspace is conver.

Proof. Each claim follows from the defining property of convexity: stability under convex combinations. For
instance, if x,y € C1 N Cy, then tx 4 (1 — t)y belongs to both C1 and C3, hence to C1 N Ca. If x = x1 + x2 and
y = y1 + y2 belong to C1 4+ C2 with x;,y; € C;, then

tx+ (1 —t)y = (tx1 + (1 = t)y1) + (tx2 + (1 — t)y2) € C1 + Cs,
since each C} is convex. For an affine map A(x) = Mx+b, one has A(tx+ (1 —t)y) = tA(x) + (1 —t)A(y), which

proves convexity of images and inverse images. Translations, scalings, and projections are special cases of affine

images. ]

Example 3.1. Affine subspaces, half-spaces, Euclidean balls and polyhedra are convex. The cone
of symmetric positive semidefinite matrices is also convex.

FEzample 3.2 (Some nonconvex sets). The set of integers Z is not convex. In R™, the set
{z | ||z]]2 > 1} is not convex, and neither is the set of orthogonal matrices.

3.1.2 Convex functions

Let C' C R" be a convex set and let f: C' — ]1_{5 The epigraph of f is the subset of R**! defined
by
epi(f) = {(x,t) € O x R | f(x) < t}.

We define convexity through this geometric object.

O Definition 3.4 (Convex function). The function f is convex if and only if epi(f) is convez.
Equivalently, for all x,y € C and all t € [0, 1],

flx+(1-t)y) <tf(x)+ 1 —-t)f(y).

In particular, dom f is convex. The function f is concave if —f is convex.

Example 3.3. Figure 3.2 shows two functions of one real variable. The left one is not convex; the
right one is convex.
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.

Figure 3.2: A nonconvex function (left) and a convex one (right).

Proposition 3.5 (Convex combinations). A function f is convez if and only if for every integer
k>2,

k k
f (Z )\in') <> O Nif(x)
i=1 i=1

for all x; € dom f and all \; > 0 with Y, \; = 1.

Proof. If f is convex, the inequality follows by induction on k. The case k = 2 is Definition 3.4. Assume it holds
up to kK — 1. If Ay = 1, then Zle A\ix; = X, and the inequality holds with equality. Otherwise, write for k > 3,

k Rl
;/\ixi = (1 — )\k) Zz:; = )\kxi + A\eXk.
Apply convexity with weights (1 — Ag, A\x) and then apply the induction hypothesis to the first term. O

Q Proposition 3.6 (Above its tangents (differentiable case)). Assume that f is differentiable.
Then f is convex if and only if dom f is convex and

fO) > fly) +VI(y) (x=y)  ¥xy€domf.
Proof. Assume f is convex. For x,y € dom f and ¢ € (0, 1], convexity gives f(y +t(x—y)) < (1 —1t)f(y) +tf(x),
ie, JWHEEMIIW) < f(x) — f(y). Letting t | 0 yields V£(y)"(x —y) < f(x) — f(y)-

Conversely, assume the inequality holds and let z = tx + (1 — ¢)y with ¢ € [0,1]. Applying the inequality
twice at z gives f(x) > f(z) + Vf(z) (x —2z) and f(y) > f(z) + Vf(2)" (y — z). Taking a convex combination
yields tf(x) + (1 —t) f(y) > (=), i.e. convexity. O

Proposition 3.6 can be read as: a differentiable convex function lies above all its tangent
hyperplanes; see Figure 3.3.

Definition 3.7 (Strict and strong convexity). A convex function f is strictly convex if the

inequality in Definition 3.4 is strict for x # y and t € (0,1). It is a-strongly convex (or
a-convex) if there exists o > 0 such that for all x,y € dom f and t € [0, 1],

!

fltx+ 1 =t)y) <tf(x)+ (1 =t)f(y) = 5t

St -t -y

¢ Lemma 3.8 (Strong convexity via a quadratic shift). Let C C R"™ be convez and let f : C' — R.
Fiz o > 0 and define

9(x) = fx) - SIxIP. xec.

Then f is a-strongly convex on C if and only if g is convex on C.
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\j

Figure 3.3: A convex differentiable function lies above all its tangents.

Proof. For x,y € C and t € [0, 1], the identity
ltx + (1= )y |* = tx]|* + (1 = )y [|* = t(1 = &) ]1x — ]|
implies that
glix+ (1 —t)y) <tg(x) + (1 —t)g(y) <= fltx+ 1 —-t)y) <tf(x)+ 1 -1)f(y) - %t(l —t)llx —yl*.
The left-hand inequality is convexity of g on C, and the right-hand inequality is a-strong convexity of f on C. [J
Proposition 3.9 (Closure properties). Let f,g be convex functions and let t > 0.
i) tf + g is convex.

i) If (fi)ier is a family of convex functions, then sup;cy fi is convex.
iit) If a is affine and f is convez, then f oa is convex.
i) If f is convex and nondecreasing and g is convex, then f o g is convexr (when defined).

v) dom f and all sublevel sets levy(f) are convex.
Proof. Let x,y belong to the relevant domains and let A € [0, 1].
i) By convexity,
(tf+9)(Ax+ (1 =Ny) =tf(Ax+ (1= Ny) +g(Ax+ (1= Ny) S AEf +9)(x) + (1 = A)(Ef +9)(¥)
ii) The epigraph of the supremum is the intersection of the epigraphs, which are convex by assumption.
iii) If a is affine, a(Ax + (1 — A)y) = da(x) + (1 — N)a(y), so convexity of f yields convexity of f o a.
iv) Convexity of g gives g(Ax + (1 — N)y) < Ag(x) + (1 — A)g(y). Since f is nondecreasing,
flgx+ (1= N)y)) < f(Ag(x) + (1 — Ng(y)),

and convexity of f gives f(Ag(x) + (1= A)g(y)) < Af(9(x)) + (1 = A) f(g(y))-

v) Ifx,y € dom f, then f(x), f(y) < 400, so convexity implies f(Ax+(1—N)y) < Af(x)+(1—-X)f(y) < +oo,
hence Ax+(1—A)y € dom f. If x,y € leva(f), then f(x), f(y) < M and convexity gives f(Ax+(1—N)y) <
M, so leva(f) is convex.

O
Ezample 3.4 (A warning). The pointwise product of convex functions is not convex in general.
Ezample 3.5 (Indicator function). For a set C' C R™, the indicator function I is convex if and
only if C' is convex.
Ezample 3.6 (Other classical examples). For any a € R, the function z — e* is convex on R.
For any norm | - || and any ¢ > 1, the function = + ||z[|? is convex. The function = — In(zx) is
concave on (0,400), whereas « — zIn(z) is convex on (0, +00).
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3.1.3 Regularity properties

¢ Lemma 3.10. Let f: R™ — R be convex. Then f is continuous on the interior of dom f.
Proof. Let y € int(dom f). Choose r > 0 such that the closed cube
Cimy+ [na)"

is contained in dom f. Let V be the finite set of vertices of C' and set

zeV

M = max (1(y).ma (@)

Every point of C' is a convex combination of its vertices, so convexity gives f(z) < M for all z € C.
Take x # y sufficiently close to y, and define

p:i=|x =y, ti="=, u:=
r

Then 0 <t <1, |[ullec =1, and z4 :=y +ru and z_ := y — ru belong to C. Since x = (1 —t)y + tz4, convexity
gives
Fx) = f(y) <t(M = f(y))-
Also, y = %Hx + l%rtz,, so convexity gives
Fx) = f(y) > —t(M = f(y))-
Hence
1760 — £l < X (s i) 0
as x — y. Therefore f is continuous at y. O
Example 3.7. Convex functions may be discontinuous at the boundary of their domain. For
example,
0 if x €10,1),
flz)y=1<1 ifz=1,
400 otherwise,

is convex and discontinuous at z = 1.

" Lemma 3.11. Let f : R* — ]1_{5 be convex. Then f is continuous on R™ if and only if
dom f =R"™ (i.e. f is finite everywhere).

"M Lemma 3.12. Let f : R" — R be convex. Then f is Lipschitz continuous on every compact
subset of int(dom f).

¢ Lemma 3.13. Assume f: R™ — R is strongly convex (in particular, f is finite everywhere).
Then f is coercive.
Proof. Up to translating f, we may assume f(0) < +00. Then there exists § > 0 such that f(x) < +oo for all x

with ||x|| <. Let a > 0 be a strong convexity parameter for f.
Fix x with ||x|| > 26 and apply strong convexity with y = 0 and ¢t = §/||x]|:

) = (1 o) 70+ o0 = 5 oo (1= g ) Il

1092 (1(75%) - (1= ) 7)) Bl g (1= 8

Let r := max|,<s | f(2)|, which is finite since f is continuous on {z | ||z|| < §} by Lemma 3.10. Using ||x|| > 2§
(hence 1 — §/||x|| > 1/2) gives

Rearranging yields

T (0%
F0x) 2 =25 xll + S,

so f(x) = +oo when ||x|| = +oo. O
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3.1.4 Second-order characterizations

When f is twice differentiable, convexity can be tested through its Hessian.

¢ Definition 3.14 (Positive (semi-)definite matrices). Let A € R™ "™ be symmetric. We say
that A is positive semidefinite (PSD), and write A = 0, if 2" Az > 0 for all z € R™. We say that
A is positive definite (PD), and write A = 0, if 2" Az > 0 for all z # 0.

See Appendix A.3 for more on PSD matrices and diagonalization.

¢ Proposition 3.15. If A is symmetric, then A = 0 (resp. A > 0) if and only if all its
eigenvalues are nonnegative (resp. positive). Moreover, A—al = 0 (equivalently, A = ol ) if and
only if all eigenvalues of A are at least .

Proof. By the spectral theorem, there exists an orthonormal basis of eigenvectors (u;)j=; and eigenvalues (\;)i—;
such that A = """ | Ajusu; . For any z € R",

2z Az = Z)\Z(u:zf
i=1

If all A; > 0 (resp. > 0), then z" Az > 0 for all z (resp. > 0 for z # 0), hence A > 0 (resp. A = 0). Conversely,
if some A\; < 0, taking z = u; gives z' Az = \; < 0, contradicting A = 0. The last statement follows by applying
the same argument to A — o, whose eigenvalues are \; — a. O

¢ Proposition 3.16 (Second-order characterizations). Assume f is twice differentiable and that
dom f is convex. Then:

e f is convex on its domain if and only if V2 f(x) = 0 for all x € dom f;
o if V2f(x) = 0 for all x € dom f, then f is strictly convex;
o f is a-strongly convex if and only if V2f(x) —al = 0 for all x € dom f.

Proof. Fix x € dom f and v € R", and consider the one-dimensional restriction ¢(t) := f(x + tv) on the interval
where it is well-defined. Then ¢”(0) = v VZf(x) v.

Convezity = PSD Hessian. If f is convex, then ¢ is convex, hence ¢”(0) > 0 for every v, which means
V2f(x) = 0.

PSD Hessian = convezity. Assume V2 f(-) = 0 on dom f. For x,y € dom f, set ¢(t) := f((1 — t)x + ty) for
t € [0,1]. Since dom f is convex, (1 —t)x + ty € dom f for all ¢ € [0,1]. Then

()= (y —x) V(1 —t)x+ty) (y —x) > 0,

so ¢ is convex on [0, 1], which yields f((1 —t)x +ty) = ¢(t) < (1 —t)p(0) + tp(l) = (1 —¢) f(x) + tf(y)-

Strict convezity. If V2 f = 0 everywhere, then for x # y one has ¢”(t) > 0 for all ¢, hence ¢ is strictly convex
and the inequality above is strict for ¢ € (0, 1).

Strong convezity. Define g(x) := f(x) — 2||x||>. Then V?g(x) = V®f(x) — al. By the first part, g is convex
if and only if V2f(x) — ol = 0 on dom f. Moreover, by Lemma 3.8, g is convex if and only if f is a-strongly
convex. 0l
Remark 3.1. The converse of the strict-convexity implication is false: a strictly convex C? func-
tion may have a Hessian that is not positive definite everywhere. For instance, f(z) = 2? is
strictly convex on R but satisfies f”(0) = 0.

{ Proposition 3.17. Let C C R"™ be convex and let [ be differentiable on an open neighbourhood
of C. Then f is a-strongly conver on C if and only if

(Vi) = Viy) (x—y) > alx—y|? vx,y € C.
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Proof. Define g(x) := f(x) — 4[|x||*>. By Lemma 3.8, f is a-strongly convex on C'if and only if g is convex on C.
Assume first that g is convex and differentiable. Applying Proposition 3.6 to g and swapping (x,y) gives

(Vg(x) = Vg(y)) (x—y) 20  Vx,yeC.
Since Vg(x) = Vf(x) — ax, this is exactly (Vf(x) — Vf(y))  (x —y) > a|x — y|>*

Conversely, assume the inequality in the proposition. Then (Vg(x) — Vg(y))' (x —y) > 0 for all x,y € C.
Fix x,y € C and set ¢(t) := g((1 — t)x + ty). For 0 < s < ¢ < 1, monotonicity of Vg applied to the pair (xs, x)
with x; := (1 — t)x + ty yields (Vg(x:) — Vg(xs)) " (y — x) > 0, hence ¢'(t) > ¢'(s). Thus ¢’ is nondecreasing
and ¢ is convex on [0, 1], which implies convexity of g on C. Therefore f is a-strongly convex on C. O

3.2 Optimality in convex problems

We now exploit convexity to turn first-order necessary conditions into exact characterizations of
global optimality.

Consider the convex problem (3.1) with f convex differentiable and X convex. In this case,
the first-order necessary condition of Chapter 2 becomes sufficient.

O Theorem 3.18 (First-order optimality (convex case)). Let f : R™ — R be conver and differ-
entiable and let X C R™ be conver. Then x* € X Ndom f is a global minimizer of (3.1) if and
only if

Vi -d>0  forallde Tx(xF).

Proof. Necessity is Theorem 2.8. For sufficiency, take any x € X and use Proposition 3.6: f(x) > f(x*) +
V)T (x —x*). Since X is convex, x — x* € Tx(x"), hence the right-hand side is > f(x"). O

Proposition 3.19 (Unconstrained case). If f : R® — R is convex and differentiable, then
x* € dom f is a global minimizer if and only if V f(x*) = 0.
Proof. If f is convex and differentiable, then f(y) > f(x*) + Vf(x*) " (y — x*) for all x,y € dom f.

Thus, if Vf(x*) = 0, then f(y) > f(x') for all y € dom f, so x* is a global minimizer. Conversely, if x* is a

global minimizer, it is a local minimizer, so V f(x*) = 0 by Theorem 2.8. O

Proposition 3.20 (Uniqueness). Let f : R™ — R be strictly convexr and let X be convex. If
(3.1) has a finite optimal value and admits an optimal solution, then this solution is unique.

Proof. Assume by contradiction that x; # x2 are two optimal solutions. For any ¢ € (0, 1), convexity of X gives
xt :=tx1 + (1 — t)x2 € X, and strict convexity gives

f(xe) <tf(x1)+ (1 —1t)f(x2).

Since f(x1) = f(x2) equals the optimal value, the right-hand side equals the optimal value, hence f(x:) would

be strictly smaller than the optimal value, a contradiction. O

¢ Proposition 3.21 (Convexity of the minimizer set). Let f : R™ — R be convex and let X
be convezr. If x1 and xg2 are global minimizers of (3.1), then tx; + (1 — t)x2 is also a global
minimizer for every t € [0,1].

Proof. For any t € [0,1], convexity gives f(tx1 + (1 — t)x2) < tf(x1) + (1 — ¢)f(x2). Since f(x1) = f(x2) =
infrex f(x), the right-hand side equals the optimal value, hence ¢tx1 + (1 — t)x2 is also optimal. ]
Proposition 3.22. Let f : R®™ — R be strongly convex and continuous, and assume X N dom f

is nonempty, closed, and convex. Then (3.1) admits a unique optimal solution.

Proof. Strong convexity implies strict convexity, hence uniqueness by Proposition 3.20. Moreover, strong convex-

ity implies coercivity by Lemma 3.13, so existence follows from Theorem 2.5. O
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f:R— wm
Regularity Convexity Strict convexity a-strong convexity
o FMZy) < Mp) i) F(MZy) < Mp) i) FMzy) < My, ) = 520 = V(@ —y)?
o f’ is nondecreasing f’ is strictly increasing (sufficient) (f'(x) — f'(y)(x —y) > alz —y)?
f(z) > f(@) + f(2)(z — @) f(z) > f(@) + f'(z)(z — x) Vz # = (sufficient) f(2) > f(@) + f'(@)(z —2) + § (2 —x)?
Cc? >0 f"" > 0 (sufficient) ">«
FiR* 5 R
Regularity Convexity Strict convexity a-strong convexity
o FMy) € Mioy 5) FMy) < Mioy 5y) f(Mzy) < Mp sy = 523 = Vlix—y |2
f(2) > f(x) + V(%) (z—x) : (VI(x) = V()T (x—y) >alx—y|? (Prop. 3.17)
ct T(z—x)V ffi
(Vi) Vi) (x—y) >0 | 7 ICITVICO e Wa s (sulficient) | ) 0700 T (%) + %z — x?
c? V=0 V2f = 0 (sufficient) V2f —al =0
Table 3.1: Summary of convexity conditions in dimension 1 and n. Here .\wa = Az + (1 — A)y denotes a convex combination; the same

notation applies to scalar or vector arguments and to function values. See Definition 3.14 for the meaning of A > 0 and A > 0.
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3.3 KKT and strong duality in convex optimization

We next specialize the KKT framework to convex problems, where (under suitable regularity)
KKT conditions become both necessary and sufficient and duality provides optimality certificates.
Consider the convex constrained problem

)%g]% f(x) (3.2a)
s.t. gi(x) =0 Vi € [ng] (3.2b)

hj(X) <0 Vj S [TL[] (3.20)
where f and the h; are convex differentiable and the g; are affine. Let X denote its feasible set.

Definition 3.23 (Slater point). A point xg € R™ is a Slater point for (3.2) if it satisfies the
equality constraints and strictly satisfies the inequality constraints:

gi(XS) =0, Vi e [TLE], hj(Xs) <0, Vje [n[]

Recall Proposition 2.14, which states that the existence of a Slater point implies constraint
qualification at any feasible point, hence the KKT conditions of Theorem 2.20 hold at any optimal
solution.

Q Theorem 3.24 (KKT conditions (convex case)). Let x* € X Ndom f.

o (Necessity) If x* is optimal and the constraints are qualified at X!, then there exist multi-
pliers X € R"2 and p € R such that the KKT conditions hold:

Vf(Xﬁ) + Z Angi(xﬁ) + Z ,U/thj(Xﬁ) = 0,
i€np] j€[n]

gi(x*) =0, Vi € [ng], h;(x*) <0, Vj € [ng],

o (Sufficiency) Conversely, if there exist X € R"® and p € R} satisfying the KKT conditions
at xt, then x! is optimal.

Proof. Necessity is Theorem 2.20. For sufficiency, let X, p satisfy KKT at x* and let d € Tx (xu) be any feasible
direction. Then Vg;(x*) -d = 0 for all i, and Vh;(x*) -d < 0 for j € Jo(x*). Moreover, complementary
slackness gives p; = 0 for inactive constraints, so stationarity implies V f (xu) -d > 0. Theorem 3.18 then yields
optimality. ]

The KKT system can also be read directly from the Lagrangian dual viewpoint: stationarity
means that x* minimizes x — £(x, A, u); primal feasibility is the original constraint system;
dual feasibility is p > 0; and complementary slackness expresses that each inequality constraint
is either active (h;(x*) = 0) or has zero multiplier (u; = 0).

¢ Theorem 3.25 (Strong duality, saddle points, and KKT (Slater)). Assume that (3.2) admits
a Slater point and that the primal admits at least one optimal solution. Let x* € X. Then the
following assertions are equivalent:

1. x! is an optimal solution of the primal problem;

2. there exist multipliers (N, ut) € R"E x R such that (x!, N pt) is a saddle point of the
Lagrangian £ on R™ x (R"2 x R1');
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3. there exist multipliers (A, ut) € R"E x R such that (x!, Nt satisfies the KKT condi-
tions.

Moreover, in this case the duality gap is zero (p* = d*) and ()\ﬁ, ut) is an optimal solution of the
dual problem.

Slater’s condition gives necessity of KKT, convexity makes KKT sufficient, and the KKT
conditions are precisely the first-order expression of the Lagrangian saddle-point property.

Proof. (1)=(8). If x* is optimal, Slater’s condition implies constraint qualification at x*, hence KKT multipliers
exist by Theorem 3.24.

(8)=(1). This is the sufficiency part of Theorem 3.24.

(3)=(2). Let (A*, u*) satisfy KKT at x*. Since f and the h; are convex, the g; are affine, and p* > 0, the
map x — L£(x, ', u¥) is convex. Stationarity gives VxL(x*, A, u*) = 0, hence x* minimizes x — L£(x, A\, u*) by
Proposition 3.19, i.e. £(x*, A\, uf) < £(x, A\, u¥) for all x. On the other hand, for any multipliers (X, pt) with
p > 0, primal feasibility gives

LA 1) = F() + nTh(xF) < [(xF) = L0, X, i),

where the last equality follows from complementary slackness. Therefore (x*, A", u*) is a saddle point.

(2)=(3). Let (x*, ¥, u*) be a saddle point with p* > 0. Moreover, if some equality constraint were violated
at x* (say gi(x*) # 0), then letting A; — +oo would make £(x*, X, u*) arbitrarily large, contradicting the saddle
inequality; hence g(x*) = 0. Similarly, if some inequality constraint were violated (say h;(x*) > 0), then letting
1 — +oo would make £(x*, A\, u) arbitrarily large, again contradicting the saddle inequality; hence h(x*) < 0.
Since x* minimizes x — £(x, ¥, u*) and this function is differentiable, one has V,£(x*, A*, u*) = 0. Finally,
combining h(x*) < 0 with the saddle inequality at fixed x* yields p* T h(x*) = 0, i.e. complementary slackness.

Strong duality and dual optimality. Let x* be primal optimal and let ()\ﬁ7 y,ﬁ) satisfy KKT (which exists by
(1)=(3)). The argument above shows that x* minimizes x + £(x, ¥, u*), hence

LxP N pf) = inf £(x, At =d\ pt) < d”.

But £(x*, X, u?) = f(x*) = p*, so p* < d*, which together with weak duality d* < p* gives p* = d*. Therefore
d(A}, pf) = d* and (A', uf) is dual optimal. O

3.3.1 Marginal interpretation of multipliers

Consider the perturbed inequality constraints h(x) < ¢ for ¢ € R™ | and define the associated
value function

v(a) = Min {£() | 9(0) = 0, h(x) < a}.

¢ Proposition 3.26 (Lower affine support). Assume that the original problem v(0) is convezx and
satisfies Slater’s condition, and let p* be an optimal multiplier (associated with the constraints
h(x) <0). Then, for all ¢ € R™, one has

v(q) = v(0) = (1) Tq.

In particular, if v is differentiable at 0, then Vv (0) = —puf.

Proof. Fix any ¢ and any dual-feasible multipliers (A, p) with g > 0. For every feasible x of the perturbed
problem (g(x) = 0, h(x) < ¢), one has

Fx) > f0) + AT g(x) + 1" (h(x) - q).
Taking the infimum over all such feasible x yields

@) > inf (0 + ATg(x)+p'h(x) —p'q
920, h(x)<q

Relaxing the constraints can only decrease the infimum, so

v(g) 2 inf (f(x)+ATg(x) +p h(x) —p'q.



3.4. ALGORITHMS 39

Now take (X, ) = (AF, u*) optimal for the original problem. Strong duality (Theorem 3.25) gives

v(0) = inf (f(x) + (A)"g(x) + (") "h(x)),

x€ER™

which implies v(q) > v(0) — (u#)Tq. If v is differentiable at 0, then for any direction u € R™ and any t € R,
v(tu) > v(0) — t(u*) "u. Dividing by t and letting t — 0% and t — 0~ yields Vo(0) -u = —(u*) "u for all u, hence
Vu(0) = —pb. O
The minus sign in Vo(0) = —pu! reflects the convention h(x) < ¢: increasing g relaxes the
constraints, so the optimal value of a minimization problem can decrease.
For equality constraints, the sensitivity sign likewise depends on the chosen convention. If
the perturbation is written g(x) = ¢ and

L(x,A1q) = f(x) + AT (9(x) — q),

then, under the usual regularity and differentiability assumptions, Vo(q) = —A*. Writing the
same equality as ¢ — g(x) = 0 gives a multiplier with the opposite sign. In Exercise 3.10, the
balance equation is D — p; — po — p3 = 0, so this latter convention yields v'(D) = A whenever
the value function is differentiable and the active set is locally unchanged.

3.4 Algorithms

This final section gives a brief algorithmic complement to the theory developed so far. In many
convex problems, even when existence and uniqueness are well understood, an optimal solu-
tion has no closed-form expression and must be approximated numerically. Iterative methods
therefore return a sequence of points and stop once a prescribed accuracy level ¢ is reached.

Besides a candidate primal point, it is often useful to monitor quantities that play the role
of certificates: objective decrease, a measure of stationarity or feasibility, and sometimes a dual
lower bound (hence a duality gap) when such a bound is available.

3.4.1 Descent-direction methods

Many algorithms for smooth optimization fit into the following template. At an iterate x*, one
chooses a direction d* and a step size 7 > 0, and updates

xFHL o xF + kdF,

A vector d* is a descent direction at x* if V f(x*) - d* < 0.

The step size controls both robustness and speed. Three classical choices are: a fixed step
7% = 7 (often based on smoothness information such as a Lipschitz constant of Vf); an ezact
line search ™ € argmin, . f(x* + 7d*) when this one-dimensional problem is tractable; and
backtracking (Armijo-type) rules that start from a candidate step and decrease it until a sufficient
decrease condition holds. Stopping tests are similarly flexible; typical ones involve stationarity

(e.g. |[Vf(x¥)|| < e in the unconstrained case) or a small change between consecutive iterates.

3.4.2 Fixed-step gradient method

The simplest choice is d¥ = —V f(x*) with a constant step size 7 > 0. When f is smooth (for
instance when V f is L-Lipschitz), taking 7 small enough guarantees that each iteration decreases
the objective, and one can quantify the convergence rate (stated later in this section).
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Algorithm 1: Gradient method (fixed step size)

Data: Initial point x°, accuracy € > 0, step size 7 > 0
Result: Approximate solution

1 k<« 0

2 while |V f(x*)|| > ¢ do

3 xFl o xF — 7V f(xF);

4 k+—k+1;

k

5 return x

B f(z) =cste

Figure 3.4: A few iterations of the gradient method on a two-dimensional objective.

The gradient method is robust but can be slow; it nevertheless plays a central role as a building
block (and a fallback step) for more advanced methods. In particular, it already provides the
basic O(1/k) rate for smooth convex minimization.

3.4.3 Projection on a closed convex set

Definition 3.27 (Projection). Let K C R™ be nonempty, closed, and convex. For fized x €
R™, the function z — ||z — x||* is strongly conver and continuous. Proposition 3.22 therefore
guarantees that it has a unique minimizer on K. The projection of x onto K is this point:

Pk (x) := arg min ||z — x]||2.
zce K

Hence Pk : R" — K is well-defined.

¢ Lemma 3.28. Let K be closed and convex. For x € R™ andy € K, one has y = Pk (x) if
and only if

(Y_X)T(Z—Y)ZO Vz € K.

¢ Lemma 3.29. If K is closed and convezx, then Pk is 1-Lipschitz: | Pk (x)— Pr(y)| < |lx—y]|
for all x,y.
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Figure 3.5: Projection on a closed convex set: y = Pk (x), whereas y’ is not the projection of x'.

3.4.4 Projected gradient method

The projected gradient method applies to minimizing a differentiable convex function over a
closed convex set X:

Min f(x)

It updates by a gradient step followed by a projection.

Algorithm 2: Projected gradient method

Data: Accuracy € > 0, initial point x € X, step size 7 > 0
Result: Approximate solution

1 k<+0;

2 while || Px(x* — 7V f(x¥)) — x*|| > ¢ do
3 xFH1/2  xb — 7V f(xF);

4 xFHL o Py (xFH1/2),

5 k+—k+1;

6 return x*

- f(z) =cste

Figure 3.6: One step of projected gradient descent: a gradient step followed by a projection on
the feasible set.
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This method can be very effective when the projection Px is easy to compute (e.g. boxes,
balls, half-spaces), but it may be as hard as the original problem for more complex sets (e.g.
general polyhedra), since computing Px amounts to solving a constrained quadratic program.

3.4.5 Convergence rates for (projected) gradient descent

We now state the classical convergence rates for smooth convex problems. Throughout, we
assume that f is differentiable and that its gradient is L-Lipschitz on R”, i.e.

IVIx) = Vil < Lix-yl  vx,y eR™

¢ Theorem 3.30 (Projected gradient: sublinear and linear rates). Let X C R™ be nonempty,
closed, and convez, and let f : R™ — R be convez, differentiable, with L-Lipschitz gradient. Let
(x*) be generated by

xFHl = py (Xk - TVf(Xk)) (k>0),

with a constant step size 7 € (0,1/L). Assume that the problem minge x f(x) admits at least one
minimizer xt. Then, for every k > 1,

P i
F) - foy < P

If, in addition, f is a-strongly convex on X for some a > 0 and T € (O, %), then the minimaizer
x! is unique and

k/2
Ik — x| < (1—2ra+7202)"? |x° —x¥||  (k>0).
Proof sketch. Fix a minimizer x* € X. The Lipschitz property of Vf implies the standard descent inequality
L n
FO) < f+VIE) =%+ Slly —x[* ¥xyeR™

Apply it with x = x* and y = x**1, then use convexity to bound f(x*) from above by f(x*)+ Vf(x*)T (x* —x*).
Finally, use Lemma 3.28 with x = x* — 7V f(x*) and z = x* to obtain

f(xk+1) _ f(Xn) < %(ka o XﬂHQ _ ||Xk+1 _ XﬁHQ)a

which telescopes to yield the O(1/k) bound.
For the strongly convex case, define 6(x) := x — 7V f(x). Using Proposition 3.17 and the Lipschitz property
of Vf gives [|0(x) — 0(y)|| < v1—27a+ 72L2% ||x — y||. Since Px is 1-Lipschitz (Lemma 3.29) and x* is a fixed

point of Px o6, one gets the contraction estimate on [|x* — x*|. O

¢ Corollary 3.31 (Gradient method (rates)). Under the assumptions of Theorem 3.30, taking
X = R" yields the fixed-step gradient method. In particular, for 7 € (0,1/L) and any minimizer

xt of f,

%0 — x*||?
27k

c (0 mi 1 2«
T ,min IANZ ,

then x* is unique and ||x* — x*|| converges to 0 at a linear rate.

FOM) = f(xF) <

If f is a-strongly conver and

(k > 1).

This algorithmic section is only a brief introduction to the vast landscape of convex optimization
algorithms. Even the term “gradient method” refers to many variants (adaptive steps, line-search,
accelerated methods, etc.). For constrained problems, other approaches can be particularly
effective, such as Frank—Wolfe [2, Chapter 3] or interior-point methods [1, Chapter 11].
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3.5 Exercises

Convexity

Exercise 3.1
Under what condition is the function x — x' Mx convex?

Solution

Exercise 3.2 Least-squares regression and an outlier

Consider the observations
0,1), (1,3), (2,5), (3,7), (4,15).

For an affine model y = ax + b, define

5
F(a,b) = Z(awi +b—y)*

i=1
1. Write this problem as ming || A0 — y||3, with 6 = (a,b).
2. Explain why the objective is convex. Is its minimizer unique?
3. Derive the normal equations.
4. Compute the fitted line.

5. Compute the residuals and the optimal squared error. Comment briefly on the influence
of the final observation.

Solution

Exercise 3.3

Let C' C R™ be convex. Show that f: C' — R is convex if and only if, for every x € C' and every
d € R" such that x +d € C, the function g: t € [0,1] — f(x + td) is convex.

Solution

Exercise 3.4

Using the concavity of the logarithm, prove that the arithmetic mean is always greater than or
equal to the geometric mean.

Solution

Exercise 3.5
Show that the function

f(x) =1In (Z e‘”i>
i=1

1S convex.

Solution
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Convex optimization

Exercise 3.6

Solve
Min % + 23 — 621 — 222 + 10

s.t. 201+ 20 —2<0

z9o—1<0
r1,x2 € R.
Solution
Exercise 3.7
Solve
Min —2x1 + 29
st. 22 —129<0
Tro — 4 S 0
r1,x2 € R.
Solution
Exercise 3.8
Let M be symmetric positive definite and let ¢ and a be two vectors. Solve
Min c¢'x
st. (x—a) M(x—a)<1.
Solution

Exercise 3.9 A scarce-resource procurement problem
An industry plans its annual procurement of scarce resources. For each resource i € [m], the
yearly need is a; > 0. Each resource can be shipped from several regions. The more a region is
used, the longer it takes to deliver: if x;; denotes the quantity of resource i shipped from region
7, then the delivery time is cj:z:?j, with ¢; > 0.

We want to minimize the maximum delivery time among all resources/regions.

1. Explain why this can be modeled as

Min MAaX;e (1], jen] cjm%j
s.t. Z?:l Tij = ay Vi € [m]
zi; >0 Vi € [m], Vj € [n].

2. Reformulate the problem as a convex optimization problem without the max (introduce
an auxiliary variable and additional constraints).

3. Write the dual of your reformulation, using multipliers A; for the equalities Zj Tij = aj,
wj; for the nonnegativity constraints x;; > 0, and p;; for your new constraints.

4. Set p;; = 1/(mn) and w;; = 0. Show that the optimal value is bounded below by

2211 ‘%2

mn i % '

Solution
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Exercise 3.10 Economic dispatch and marginal electricity prices

Three generators produce powers pi, p2, p3, with costs

1 1 1
Ci(p) = 519? +2p1,  O(p2) = 11?3 +4ps,  Cs(ps) = gpg + 6p3.

Their capacities are
0<p1 <4 0<ps <6, 0 < ps <10,

and demand D must be met exactly.

1. Formulate the cost-minimization problem, writing the balance equation as D—p; —pa2—p3 =
0.

2. Explain why this is a convex optimization problem and why its solution is unique whenever
the feasible set is nonempty.

3. Write the KKT conditions, including multipliers for the lower and upper generation bounds.
4. Solve the dispatch for D = 6.
5. Solve it again for D = 10.

6. For each demand level, identify which generators operate strictly inside their bounds, which
are off or capacity-constrained, and compute the multiplier A of the balance constraint.

7. Let v(D) be the minimum generation cost. Using the marginal interpretation of multipliers
(see Proposition 3.26), explain why v'(D) = X whenever v is differentiable and the active
set is locally unchanged.

8. Interpret A economically.

Solution

Exercise 3.11 FElectrical networks, energy minimization, and Kirchhoff’s law

Consider electrical nodes 0,1,2,3, with fixed boundary voltages vg = 10 and v = 0. The
unknown voltages are vi,vy. There are resistors on the edges

ro1 = 1, ro2 = 2, ri2 =1, ri3 =2, ro3 = 1.

For each edge {1, j}, let 0;; = 1/r;; be its conductance and define the Dirichlet energy (one half
of the total dissipated power)

E(vy,v3) = % Z oij(v; — Uj)Q,
{i.5}
where the sum is over the five listed edges.
1. Write E(v1,v2) explicitly.
2. Show that F is strictly convex. You may compute its Hessian.
3. Deduce that E has a unique minimizer.

4. Compute the first-order optimality conditions.
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5. Show that the condition at each internal node i = 1,2 has the form
Z Jz‘j<’Uz‘ — Uj) =0.
j:{4,5} is an edge
6. Define the current from ¢ to j by Ohm’s law, I;; = (v; — vj)/r4j. Interpret the stationarity

equations.

7. Compute the internal voltages and all edge currents, using the direction from the first listed
node to the second. Verify current conservation at both internal nodes.

Solution
Algorithms in convex optimization
Exercise 3.12 A production planning problem
Consider the optimization problem
n n 1
Min a br—
S o Yont
k=1 k=1
n
s.t. Z xp < N
k=1
x>0 k€ [n],
where a > 0, N > 0, and b, > 0.
Find an optimal production plan. Is it unique?
Solution

Exercise 3.13 Marginal interpretation of multipliers
Consider the parametric problem

v(u) = Min f(x)
s.t. hj(x) < u; j € ldl,

where u € RY is a parameter vector. Assume f and the h; are convex and differentiable,
constraints are qualified, and the optimal value is always finite.

1. Show that v is convex.
2. Let u® be the vector of Lagrange multipliers associated with an optimal solution at u = 0.

(a) Show that v(u) > v(0) — u® - u.
(b) Conclude that if v is differentiable at 0, then Vv (0) = —puP.

Solution

Exercise 3.14
Consider the unconstrained problem

1
Min f(x) = 3 (xf + ’ya:%) ,

where v > 0 is given. Describe the iterates of the (constant-step) gradient method starting from
x? = (v,1)T, and verify convergence in this case.

Solution



Chapter 4

Linear optimization

Linear programs arise naturally in a wide range of contexts and share, like convex optimization,
remarkable structural properties. One may wonder why we devote a separate chapter to this
particular subclass of convex problems. One reason is that the geometry of feasible sets becomes
especially transparent: feasible regions are polyhedra, and optimal solutions can be sought among
their vertices. Another reason is algorithmic: many results from Chapter 3 (in particular, the
convergence guarantees for first-order methods) rely on strong convexity, while linear objectives
are not even strictly convex. Nevertheless, linear programs can be solved extremely efficiently in
practice, most notably with the simplex method. Among modern references, the short book by
Matousek and Géartner [5] provides a very accessible account of the theory and many applications.

4.1 Geometric interpretation

We start from the geometry of feasible sets (polyhedra) and the key consequence for linear
objectives: when an optimum exists, it can be found at a vertex.

4.1.1 Polyhedra

O Definition 4.1 (Half-spaces, polyhedra, polytopes). A (closed) half-space of R™ is a set of
the form
H™ ={xeR"|a'x <b},

where a € R"\{0} and b € R. A polyhedron is an intersection of finitely many closed half-spaces.
A polytope is a bounded polyhedron.
Throughout this chapter, it is helpful to keep in mind a simple two-dimensional example.

Ezample 4.1 (Running example: a triangle). Consider the set P C R? defined by
P = {($1,$2) S R? | 120, 22 >0, T1 + 22 < 1}.

This is a polytope (a bounded polyhedron). Its vertices are (0,0), (1,0), and (0, 1), and its edges
are the three line segments joining these points. For instance, the edge {(z1,z2) | x1 > 0, x2 =
0, 1 <1} is the face obtained by intersecting P with the supporting line {(z1, z2) | 2 = 0}.

The running example is illustrated in Figure 4.1.

Definition 4.2 (Supporting hyperplanes and faces). Let P C R"™ be a polyhedron. A hyperplane
H = {x | a"x = B} is supporting for P if PC {x|a'x < 8} and PN H # (. A (nonempty)
face of P is a set of the form F'= P N H for some supporting hyperplane H.

47
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9 ,
(0,1)e¢

(0,0)

Figure 4.1: Left: the triangle polytope of Example 4.1. Right: a three-dimensional polyhedron
(dodecahedron, illustration).

We use dim(F) for the affine dimension of F'.
A wertex is a face of dimension 0 (a singleton), and an edge is a face of dimension 1 (a line
segment, a ray, or a line). Two vertices are adjacent if they are connected by an edge.

Remark 4.1. For polyhedra, a point is a vertex (a O-dimensional face) if and only if it is an extreme
point (i.e., it is not a strict convex combination of two distinct points of the polyhedron).

O Proposition 4.3 (Vertex characterizations). Let P C R™ be a polyhedron and x € P. The
following are equivalent:

1. x is a vertex of P.
2. There exists ¢ € R™ such that x is the unique solution of min{c'y :y € P}.

3. Writing P = {y € R" : Ay < b} and I(x) := {i : (Ax); = b;}, one has rank(Aj)) = n.

Figure 4.2: A point is a vertex if it is the unique intersection of the polyhedron with some
supporting hyperplane.

Polyhedral geometry is a major branch of convex geometry with many applications in opti-
mization, combinatorics, and game theory.
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4.1.2 4 H- and V-representations of polyhedra

Definition 4.1 corresponds to an H -representation (half-space description). Polyhedra also admit
V -representations, which separate bounded and unbounded directions. Here, for a finite set
V ={v1,..., vk}, we write

k k
conv(V) := {Z)\ivi | Ai >0, Z)‘i = 1} ,
i=1 i=1

and for a finite set of directions D = {dy,...,dg},

l
cone(D) := 4 " pjd; | ;= 0
j=1

¢ Theorem 4.4 (Minkowski-Weyl theorem). A nonempty set P C R™ is a polyhedron if and
only if there exist points vi,...,vr € R™ and directions dy,...,d; € R™ such that

P = conv{vy,...,vp} 4+ cone{dy,...,dp}.

Proof. (Proof sketch.) (<) If P = conv(V') + cone(D) with finite V = {v;} and D = {d;}, then P is the image
of the polyhedron

{Oyp):A>0,1"TA=1, >0}
under the affine map (A, p) — >, Aivi + >, pjd;. Since affine images of polyhedra are polyhedra, P is a
polyhedron.

(=) If P={x € R"| Ax < b}, its recession cone is the polyhedral cone R := {d € R" | Ad < 0}. One can
show that P = Q + R, where @ is a (possibly lower-dimensional) polytope obtained by intersecting P with an
appropriate supporting halfspace in directions transverse to R (equivalently, after factoring out the lineality space).
Finally, R is a polyhedral cone, hence finitely generated: R = cone{dx,...,d¢} for finitely many directions. Since
Q is a polytope, @ = conv{vi,..., v} for finitely many points. This yields the desired V-representation. O

The two descriptions are mathematically equivalent, but converting between them can be
computationally expensive in the worst case (for instance, it may require exponentially many
facets or vertices).

4.1.3 Linear programs

We first consider the inequality form

Min c'x (4.1a)
x€eR™
s.t. Ax <b (4.1b)

where A € R™*™ and b € R™, ¢ € R". The feasible set of (4.1) is a polyhedron, and linear
optimization has a particularly pleasant geometric interpretation.

A fundamental result, formalized below, is that it suffices to look at vertices of the feasible
polyhedron to find an optimal solution.

O Theorem 4.5 (Optimal solutions at vertices). Assume that (4.1) has at least one feasible
point and that the objective function is bounded below on the feasible set. Then (4.1) admits at
least one optimal solution.

Moreover, if the feasible polyhedron has at least one vertex, then there exists an optimal
solution which is a vertex of the feasible polyhedron.



50 CHAPTER 4. LINEAR OPTIMIZATION

. Max 4z + 5y
sc. z€P

Figure 4.3: A geometric view of a linear objective over a polyhedron: an optimum (when it
exists) can be reached at a vertex.

Proof sketch. Convert (4.1) to standard form (Section 4.2) and apply Theorem 4.6. The vertex statement follows
since optimal basic feasible solutions correspond to vertices (Theorem 4.9). O

In principle, one could solve (4.1) by enumerating all vertices of the feasible polyhedron and
selecting the best one. This is not efficient in practice because the number of vertices can be
exponential in the problem size. The simplex method exploits Theorem 4.5 by moving along
edges from vertex to vertex until reaching optimality.

4.2 Equivalent formulations and standing assumptions

We now introduce the standard forms used in theory and in algorithms, and state a standing
full-row-rank assumption for the constraint matrix.

Problem (4.1) is in inequality form. Other standard forms are often used, such as the canonical
form

Min c'x (4.2a)

xER™
s.t. Ax<b (4.2b)
x>0 (4.2¢)

and the standard form

Min c'x (4.3a)

x€Rn?
s.t. Ax=Db (4.3b)
x>0 (4.3c)

Up to changing the dimension and redefining A, b and c, any linear program written in
one of these forms (inequality, canonical, standard) can be rewritten in any of the others; see
exercises. For instance, a canonical-form problem can be put into standard form by introducing



4.3. EXISTENCE AND CHARACTERIZATION OF AN OPTIMAL SOLUTION 51

slack variables:

Min  ¢'x (4.4a
x’y
s.t. Ax+y=Db (4.4b

x>0 (4.4c
y=>0 (4.4d

where the matrix (A, I) plays the role of the constraint matrix.

In the rest of this chapter, we focus on the standard form (4.3), and we denote by m the
number of rows of A and by n its number of columns. If A does not have full row rank, then
either the system Ax = b has no solution (so (4.3) is infeasible), or it has redundant equations
that can be removed without changing the feasible set. We therefore assume for the remainder
of the chapter:

‘ rank(A) =m ‘

In particular, m < n.

It is useful to keep in mind that (4.3) is a smooth constrained optimization problem with an
affine feasible set. In particular, the constraints are qualified at every feasible point (Proposi-
tion 2.13), so any optimal solution satisfies the KKT conditions of Chapter 2 (Theorem 2.20). In
linear programming, these optimality conditions can be reformulated as primal-dual feasibility
plus complementary slackness, and they lead to strong duality results; see Section 4.5.

4.3 Existence and characterization of an optimal solution

We next connect the geometric notion of a vertex to an algebraic description through bases,
which leads to a finite characterization of optimal solutions.

4.3.1 Bases and basic feasible solutions

For a subset K C [n] := {1,...,n}, we denote by Ax the submatrix of A made of the columns
(A;)iexk. Similarly, for a vector x € R", we denote by xx the subvector (x;);ck-

A subset B C [n] is a basis of (4.3) if Ap is invertible. Note that this is not a basis in the
linear-algebra sense for R™; rather, (4;);ep is a basis of R™. Such a basis B is a feasible basis if,
in addition, Aglb > 0.

Let B be a basis and let N := [n] \ B. Define y € R" by

YB = Aélb, yn = 0.

Then Ay = b, hence y automatically satisfies the equality constraints of (4.3). The vector y is
called a basic solution (associated with B). If B is feasible, then y > 0 and y is a feasible point
of (4.3); it is then called a basic feasible solution (BFS).

4.3.2 Existence theorem

The following result is specific to linear programming. The first statement already fails for general
convex optimization: a convex problem can be feasible and have a finite lower bound, yet fail
to have any minimizer. For instance, minimizing y over {(z,y) € (R4 \ {0})? | y > 1/x} yields
an infimum equal to 0 but no minimizer. It is also not a consequence of the coercivity-based
existence theorem (Theorem 2.5), since x ++ ¢ ' X is not coercive.
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O Theorem 4.6 (Fundamental theorem of linear programming). Assume that (4.3) is feasible
and that the objective is bounded below on the feasible set. Then (4.3) admits at least one optimal
solution.

Moreover, if an optimal solution exists, then there exists an optimal solution which is a basic
feasible solution.

The basis associated with an optimal basic feasible solution is called an optimal basis.

The proof repeatedly moves along feasible null-space directions without worsening the ob-
jective, eliminating positive components until the remaining support is linearly independent and
therefore defines a basic feasible solution.

Proof of Theorem 4.6. Let X be the feasible set of (4.3). We show that for any x € X, there exists a BFS X such
that ¢’ % < ¢'x. Since the number of feasible bases is finite, this implies existence of an optimal BFS, hence the
theorem.

Fix any x € X and consider a feasible point X € X satisfying ¢'% < ¢ x and having as many zero components
as possible. Let K := {i € [n] | X; > 0}. If the columns of Ak are linearly independent, then %X is a BFS: one can
extend K to a basis B O K such that Ap is invertible, and then X is exactly the basic solution associated with
B (with xy = 0).

Assume now that the columns of Ax are linearly dependent. Then there exists y € R¥, y # 0, such that
Ay = 0. Define z € R" by z; =y; if i € K and z; = 0 otherwise. Then Az = 0 and X + ¢z remains feasible (i.e.
A(x+tz) = b and x + tz > 0) exactly for ¢ in an interval

J= [?e“ﬁ( <f)z%) , Inin (7;%)} ; I.={i|z >0} I-={i|z <0}
If I+ (resp. I-) is empty, the lower (resp. upper) endpoint of J is —oo (resp. +00).

If ¢"z # 0, we consider the endpoint of J whose sign is opposite to that of ¢'z. This endpoint must be
finite; otherwise the objective value would go to —oo along the ray x + tz, contradicting boundedness from below.
If ¢"z = 0, we choose any finite endpoint of J (at least one exists since I+ and I_ cannot both be empty). At
this endpoint, the point X + tz has at least one more zero component than X while remaining feasible and not
worsening the objective, contradicting the maximality of the number of zeros in x. Therefore the columns of Ax
must be linearly independent. O

Theorem 4.6 shows that, at least in principle, one can compute an exact optimal solution
in finite time (when it exists) by enumerating all bases. Since the number of bases is bounded
by (;;), one could loop over all subsets B C [n] of size m, test whether Ap is invertible, then
whether Aglb > 0, and keep the best objective value among the corresponding basic solutions.
This is not practical for large instances: (7’:1) is typically huge (e.g. on the order of 4™ when
m=n/2).

4.4 The simplex method

We can now describe the simplex method, which navigates along adjacent vertices by pivoting
between bases. In standard form, feasible points are described by Ax = b and x > 0, and we saw
that vertices correspond to basic feasible solutions. The simplex method exploits this structure
by maintaining a feasible basis (hence a BFS) and iteratively moving to a neighboring BFS that
improves the objective.

Two practical remarks are worth keeping in mind. First, the method needs an initial feasible
basis; when none is obvious, one typically computes one by solving an auxiliary “Phase I” problem
(see Section 4.2 and Section 4.3.1 for the relevant standard forms). Second, when the current
BFS is degenerate (some basic components are zero), a pivot may change the basis without
changing the point, and special care is needed to avoid cycling; this motivates pivot rules with
finite-termination guarantees.
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4.4.1 Preliminaries

The simplex method, proposed by Dantzig in 1947 (published later [3]), is an extremely effective
algorithm for solving linear programs. Because it is widely implemented and heavily optimized
in modern solvers, engineers and researchers rarely need to re-implement it. We therefore focus
on the core principles, while also making explicit the basic computations behind one pivot step.
Let B be a basis, N = [n] \ B, and denote by x the associated basic solution. Define the
reduced cost vector
ri=cy— AN(Ag") Tep e R"™

Reduced costs quantify how the objective changes when increasing a nonbasic variable xj away
from O while preserving the equality constraints. In particular, in a minimization problem, a
negative reduced cost rp < 0 indicates that increasing xj can improve the objective, at least
locally along an edge of the feasible polyhedron.

¢ Proposition 4.7 (A simplex pivot lemma). Assume that B is a feasible basis.
1. If r > 0, then B is an optimal basis.
2. Let k € N be such that r, < 0. Then ezxactly one of the following two cases holds:

(a) there exists a feasible basis B' C B U{k} with B' # B, and the BFS associated with
B’ is at least as good as the one associated with B;

(b) there is no feasible basis B' C BU{k} with B' # B, and (4.3) is unbounded below (its
optimal value is —o0).

Proof of Proposition 4.7. Let X be the basic solution associated with B and take any feasible x. Write ¢'x =
chB + C;XN. Since xp = Aglb — ABIANXN and ¢ X = chglb, one obtains
c'x=c'% + rTxN.
If r > 0, this implies ¢"x > ¢ x for all feasible x, hence X is optimal.
Assume now that there exists k € N with rp < 0. Consider the matrix Apgygy: its columns are linearly
dependent, so there exists z € R", z # 0, supported on B U {k}, such that Az = 0. Up to replacing z by —z, we
may assume z; > 0. Then X + ¢z is feasible precisely for

i.
t € |0, min ( —= J={j€eBl|z; <0}
{ rjnelgl( zj)}, {j€B|z <0}
Moreover, c'z=rrzr <0 (using zp = fA];.lANzN),

If J is nonempty, let j* € J attain the minimum ratio. Then B’ := BU{k}\ {j*} is a feasible basis, and the
associated BFS is x — ’;(”%:z, which is at least as good as % because ¢’z < 0. This yields case 2a.

If J is empty, then ;7(+ tz is feasible for all ¢ > 0 and the objective decreases strictly along this ray, so (4.3)
is unbounded below. This yields case 2b. O

4.4.2 Algorithm outline

Conceptually, assuming we are given an initial feasible basis By, the simplex method repeatedly
performs the following steps. From the current feasible basis B (hence the current BFS %),
compute reduced costs r. If r > 0, Proposition 4.7 shows that x is optimal. Otherwise, select an
entering index k € N with r; < 0 (this choice is the pivot rule), and move along the corresponding
feasible edge until one basic variable reaches 0; this ratio test identifies the leaving index and
produces a new feasible basis. If the ratio test is unbounded (no basic variable blocks the move),
then the objective can decrease indefinitely and the problem is unbounded below.
The pseudocode below summarizes this logic.
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Algorithm 3: Simplex method (conceptual form)
Data: A feasible basis By
Result: The optimal value, and (if finite) an optimal basis
1 B < By;
2 N« [n]\ B;
3 compute r = cy — AL(A%I)TCB;
4 while there exists k € N with r, < 0 do

5 Choose an entering index k € N with r; < 0;

6 if no basic variable blocks the move in the entering direction then

7 ‘ return —oo;

8 else

9 Perform a pivot step (ratio test) to obtain a new feasible basis B’ C B U {k} with

B’ # B;

10 B« B,
11 N « [n]\ B;
12 compute r = cy — AN (A5") Tep;

13 return (c}Ag'b, B);

In general, there are several choices of an entering index k& with r; < 0. The corresponding
selection rule is called the pivot rule, and performance can depend strongly on this choice. In
practice, reduced costs and basis updates are computed efficiently via Gaussian elimination
(without explicitly inverting Ap at each iteration). Equivalently, one can view a pivot as a
rank-one update of the factorization of Ap (e.g. via Sherman—Morrison-type formulas), which is
the basis of fast implementations.

To ensure that the method always terminates (i.e. to avoid cycling in degenerate cases), one
can use pivot rules with finite-termination guarantees; see, e.g., the classical work of Dantzig,
Orden, and Wolfe [4].

¢ Theorem 4.8 (Finite-termination pivot rules). There exist pivot rules for the simplex method
that guarantee finite termination (no cycling), even in degenerate cases.

The simplex method is extremely efficient on most instances but it is not a polynomial-time
algorithm in the worst case (there are instances on which it takes an exponential number of piv-
ots). This worst-case behavior is not inconsistent with practical performance: smoothed analysis
shows that, under small random perturbations of the input data, the expected running time (or
expected number of pivots) of certain simplex variants becomes polynomial in the dimension and
in the inverse perturbation size [6]. At a high level, this suggests that worst-case hard instances
are “fragile” and typically disappear under tiny noise, which better matches real-world data.

In contrast, linear programming can be solved in polynomial time by the ellipsoid method or
by interior-point methods. In practice, modern solvers combine highly optimized simplex imple-
mentations with interior-point methods, depending on the structure and size of the instance.

4.4.3 One pivot step (ratio test and basis update)

Let B be a feasible basis and x the associated BFS. Choose an entering index k € N with r; < 0.
To keep the equality constraints satisfied, we vary xj and compensate on the basic variables: the
piwot direction d € R™ is defined by

di =1, d; =0, Vi € N\ {k}, dp = —Ag' Ap.
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Then A(x+td) = b for all ¢, and feasibility of the nonnegativity constraints requires Xxg+tdg > 0
and ¢t > 0. Therefore the admissible step sizes are exactly

. X;
te [0, min .
i€B | d;i<0 —d;

If the set {i € B | d; < 0} is empty, then X + td remains feasible for all ¢ > 0 and the objective
decreases strictly since
c'd=r, <0,

so (4.3) is unbounded below. Otherwise, any index i* attaining the minimum ratio is a leaving
indez, and the new basis is B’ = (BU{k}) \ {¢*}. The associated new BFS is X' = x + t*d with
t* =X [(—di»).

4.4.4 Finding an initial feasible basis (Phase I)

To find a feasible basis for (4.3), a standard approach is to solve the auxiliary Phase I problem

Min Z 2 (4.5a)

T icm)

s.t. Ax+z=Db (4.5b)
x>0 (4.5¢)
z>0 (4.5d)

assuming without loss of generality that b > 0. One checks that (4.5) has optimal value 0 if and
only if (4.3) is feasible. At an optimum of value 0, all artificial variables are zero, although some
of them may remain basic at value zero in a degenerate solution. Under the standing assumption
rank(A) = m, such artificial variables can be pivoted out by degenerate pivots, yielding a basis
consisting only of original variables and hence a feasible basis for (4.3). Since (4.5) has an obvious
feasible basis (the artificial variables z;), one can thus apply the simplex method to (4.5) to test
feasibility and obtain a first feasible basis for the original problem.

4.4.5 < Vertices and basic feasible solutions

The next two results connect the geometric notion of a vertex to the algebraic notion of a basic
feastble solution introduced earlier in Section 4.3.1. This bridge is useful to keep in mind: it
explains why simplex (an algebraic pivoting method) can be interpreted geometrically as moving
from vertex to vertex on the feasible polyhedron.

$ Theorem 4.9. Consider a linear program written in standard form. Then a point X is a basic

feasible solution if and only if x is a vertex of the feasible polyhedron.

Proof. Consider the feasible polyhedron of the standard-form problem (4.3), i.e. P = {x € R" | Ax = b, x > 0}.
(BFS = vertez). Let x be a basic feasible solution associated with a basis B and N = [n]\ B, so xy = 0

and xg = Ag'b. Assume x =ty + (1 —t)z with ¢ € (0,1) and y,z € P. Since xy = 0 and yn,zy > 0, one must

have yy =zny = 0. Then Apyp = b = Apzp, hence yg = zp = xp because Ap is invertible. Thus y = z = x,

so x is a vertex.

(Verter = BFS). Let x be a vertex of P and define its support K := {i € [n] | x;, > 0}. If the columns
of Ak were linearly dependent, there would exist d # 0 supported on K such that Ad = 0. For ¢ > 0 small
enough, one would have x £ ed > 0 and A(x +ed) = b, so x = 1(x + ed) + 3 (x — ed) would be a strict convex
combination of two distinct feasible points, contradicting that x is a vertex. Therefore the columns of Ax are
linearly independent, so K can be extended to a basis B (with Ap invertible). Since xy = 0 and Ax = b, one
has Apxp = b and thus xp = A];lb. Hence x is the basic solution associated with B, and since x > 0, it is a

basic feasible solution. ]
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{ Proposition 4.10. If two consecutive bases visited by the simplex method yield two distinct
basic feasible solutions, then these two solutions are adjacent vertices of the feasible polyhedron.

Proof. Consecutive bases in the simplex method differ by a single pivot: B’ = (BU {k}) \ {i*} for some entering
index k and leaving index i*. The corresponding BFS x and X’ satisfy Ax = b and x > 0, and they share
all nonbasic variables except possibly one: both have x; = 0 for every j ¢ B U {k}. Thus the whole segment
{x+#x"—x) | t € [0,1]} lies in the intersection of the equality constraints with the common nonnegativity
constraints, which defines a one-dimensional face of the feasible polyhedron. Since X # X', this face is an edge, so

the two vertices are adjacent. O

4.5 Duality in linear programming

We now revisit duality for linear programs and highlight a key feature: unlike general convex
optimization, strong duality holds in linear programming without any interior-point (Slater-type)
assumption.

Consider again the primal problem (4.3):

Min c'x (4.6a)
x€eR™
s.t Ax=b (4.6b)

Its Lagrangian dual (see Chapter 2, Section 2.7) can be written in the classical form

)1]\/611%35 b’y (4.7a)
s.t. Aly<c (4.7b)

As for any linear program, taking the dual of (4.7) yields a problem equivalent to the primal:
the dual of the dual is the primal.

O Theorem 4.11 (Strong duality in linear programming). In linear programming, if at least
one of the two problems (4.6) (primal) or (4.7) (dual) is feasible, then there is strong duality:
the optimal values coincide (possibly equal to +00).

In particular, if the primal and the dual are both feasible, then both optimal values are finite
and equal. If one problem is feasible and the other is infeasible, then the feasible one must be
unbounded (its optimal value is —oo for the primal and +oco for the dual). The only situation
where there is a “duality gap” is when both problems are infeasible, in which case the primal
value is 400 and the dual value is —oo.

The proof first treats a feasible primal: existence and KKT handle the bounded case, while
weak duality handles the unbounded case; it then applies the same argument symmetrically
starting from the dual.

Proof. We use weak duality: for any primal feasible x and any dual feasible y, one has
bTy <c'x

In particular, the dual value is always < the primal value.

Assume first that the primal is feasible. If the primal is unbounded below, then the dual cannot be feasible
(otherwise by would provide a finite lower bound on ¢'x for all feasible x). Hence the dual value is —oo and
the two values coincide.

Assume now that the primal is feasible and bounded below. By Theorem 4.6, the primal admits an optimal
solution x*. Consider (4.6) as a differentiable constrained problem with equality constraints g(x) = Ax —b =0
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and inequality constraints h(x) = —x < 0. All constraints are affine, hence qualified at x* (Proposition 2.13), so
the KKT theorem (Theorem 2.20) yields multipliers A € R™ and p € R} such that

c+ A" AN—pu=0, uixgzo, Vi € [n].

Let y := —A. Then ATy < ¢, so y is dual feasible. Moreover, taking the dot product of the stationarity condition
with x* and using Ax* = b and p" x* = 0 gives

c'xf = bTy.

Therefore the primal and the dual have feasible points with the same objective value, so by weak duality both
are optimal and the optimal values are equal.

Assume now that the dual is feasible. If the dual is unbounded above, then the primal cannot be feasible
(otherwise ¢"x would provide a finite upper bound on by for all feasible y by weak duality). If moreover the
dual is bounded above, then its optimal value d* is finite. Consider the equivalent minimization problem

Min {-b"y| ATy <e},

yER™
whose optimal value is —d*. Introduce a slack variable s € R"} so that ATy 4+ s = ¢, and write the free variable
yasy =y —y~ with y",y~ > 0. This yields the standard-form linear program

Min {-b'y"+b'y" |ATy" ATy +s=c, y"y ,;s>0},
yty s

which is feasible and bounded below. Applying the already proven case (“primal feasible and bounded below”)
to this standard-form problem shows that its dual is feasible and that there is no duality gap. The dual of this

standard-form problem is
Né%?f {c"z| Az < —b, —Az < b, z < 0}.

The two inequalities Az < —b and —Az < b are equivalent to Az = —b. With the change of variables x := —z > 0,
this dual becomes the original primal problem (4.6), and its objective ¢ 'z becomes —c ' x. Therefore its optimal
value is —p*, where p* is the primal optimal value. Therefore —d* = —p*, i.e. d* = p*, and in particular the

primal is feasible. O
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4.6 Exercises

Exercise 4.1

Show that any linear optimization problem in inequality form can be converted to standard form,
and conversely.

Solution

Exercise 4.2

Consider
Min c-x
st. Ax=Db
x > 0.

Assume A and b have rational entries. Show that if the problem has at least one optimal solution,
then it has an optimal solution with rational entries.

Solution

Exercise 4.3 Beverage production planning

A company produces three beverages (XXX, YYY, ZZZ) with profits (per liter) of 1.55, 3.05 and
4.80 euros, respectively. Each beverage has a minimum weekly production level: 1020, 1450 and
750 liters.

Producing 20 liters requires the following times (in hours) in (i) processing, (ii) mixing, (iii)
bottling:

| XXX YYY Z77%Z

processing 2 3 6
mixing 4 5.5 7.5
bottling 2 1 3.5

Next week, the company has 708 hours of processing time, 932 hours of mixing, and 342 hours
of bottling.
Formulate the profit-maximizing production plan as a linear program.

Solution

Exercise 4.4 A refinery/blending problem

A refinery must produce each day two grades of gasoline (A and B) from three components (1,
2, 3). The available quantities and unit costs are:

component ‘ Qmax unit cost

1 3000 3
2 2000 6
3 4000 4

The selling prices and quality specifications are:

gasoline specification unit selling price
A < 30% of component 1 5.5

> 40% of component 2

< 50% of component 3

B < 50% of component 1 4.5

> 10% of component 2
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Formulate a linear program that maximizes profit, assuming all production can be sold.

Solution

Exercise 4.5 Best fitting line

Given points (z1,%1), - -, (Tn, yn) in the plane, we seek the best fitting line y = ax + b in the £
norm, i.e. we want to minimize
sup |az; + b — y;l.

i=1,...,n

1. Show that this can be formulated as a linear program. Do the same if we minimize
Yoy laxi + b —y;| (an 4 fit).

2. Apply both formulations to the data
(0,1), (1,3), (2,5), (3,7), (4,15).

Determine the £1-best and /.-best affine fits and compare them with the least-squares line
obtained in Exercise 3.2.

Solution

Exercise 4.6

For a vector z, let z[! denote the i-th largest element of {x1,...,x,}. For instance, 2z is the
largest component of x and 2" the smallest. For x = (2,1,0,1), we have 2@ = 2Bl =1,

1. For fixed k, show that the problem

Min Zle !
st. Ax=Db
x € R}

can be formulated as a linear program by introducing one constraint per subset of size k
of [n].

2. (*) Show that one can in fact write an LP with at most m + n constraints (not counting
sign constraints), where m is the number of rows of A.

Solution

Exercise 4.7 Largest inscribed ball

Show that the problem of finding the largest Fuclidean ball inscribed in a polyhedron can be
formulated as a linear program.

Solution

Exercise 4.8 Fractional knapsack relazation
Consider the linear program

Min Y, ¢z
s.t. Z?:l aQ;T; = b
0<z; <1 1=1,...,n,

where a; > 0 for all i € [n], and assume the problem is feasible.

1. Primal approach
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(a) Write it in standard form and justify the existence of an optimal basic solution.

(b) Deduce that there exists an optimal solution x* with at most one fractional component

(strictly between 0 and 1).
(c) Show that if ¢;/ax < ¢j/aj, then xi > 1’2
(d) Deduce an easy way to compute an optimal solution.

2. Dual approach

(a) Write the dual linear program.
(b) Show it reduces to maximizing a concave, nonsmooth function of a single real variable.

(¢) (*) Solve this one-dimensional problem.
Solution

Exercise 4.9 Bounding the optimality gap
Consider the linear program

Min c¢-x
st. Ax=0b
i wi=1
x € RY.
Equivalently, it is in standard form
Min c-x
st. Ax=Db
x € R%,

with ) .
A b
=) =)

Let B be a feasible basis and r the associated reduced-cost vector. Show that if r # 0, then the
optimal value v satisfies

chAg'b + (minr;) < v < cjAS'D.
J

Solution

Exercise 4.10 A proof of strong duality via the simplex method

It was shown that there exists a pivot rule ensuring that the simplex algorithm always terminates.
Deduce from this an alternative proof of strong duality in linear optimization.

Solution

Exercise 4.11  Column generation

Consider the linear program (P)

Min c-x
st. Ax=Db
x € R,

and let I C [n]. Consider the restricted problem (P7)

Min c;-x'

st. Aix'=b
/ I
x € R,.
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Let (D) and (D!) be the duals of (P) and (P'), and let ¥ be an optimal solution of (D). Show
that if ¥ is feasible for (D), then the optimal value of (P) equals that of (P).

This remark is the starting point of column generation, useful for solving LPs with too many
variables to be given to a solver directly.

Solution
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Chapter 5
Mixed-integer linear programming

Mixed-integer linear programs (MILPs) extend linear programs by requiring some variables to
take integer values. This discrete component dramatically increases the computational difficulty
(in general, MILPs are NP-hard), but linear programming relaxations provide strong bounds and
play a central role in modern algorithms.

We first introduce the MILP model and its LP relaxation, then present the branch-and-bound
principle, and finally review common modeling patterns using binary variables.

5.1 Definition and motivation

QO Definition 5.1 (Mixed-integer linear program). Let [n] := {1,...,n} and let I C [n]. A
mixed-integer linear program (MILP) is an optimization problem of the form

Min c'x (5.1a)
xe€R"™
s.t. Ax <b (5.1b)

X; €Z Viel (5.1c)

When I = [n] and x; € {0, 1} for all i, we speak of a binary integer linear program (BILP),
also called a binary program. MILP is a very general modeling framework: many combinatorial
optimization problems can be formulated in this way, and the availability of powerful solvers
makes MILP a practical tool for large-scale instances. However, solvers are not magic: the same
problem can be formulated in multiple ways with very different computational performances,
and understanding the structure of a model is crucial for effective optimization.

¢ Proposition 5.2 (Computational hardness). Even binary programs of the form (5.1) (with
I =[n] and x € {0,1}") are NP-hard in general.

Proof. The 0-1 knapsack problem (5.2) is a special case of (5.1) with binary variables, and its decision version
is NP-complete (e.g. by reduction from SUBSET Sum). Therefore, solving binary linear programs in general is
NP-hard. [l

5.2 Examples

Typical examples of MILP models include knapsack and set covering problems, facility location
and network design, scheduling and routing problems (TSP/VRP), unit commitment in power
systems, production planning with setups, and many variants thereof. We will use the knapsack
problem as a concrete running example for algorithms.

63
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O Example 5.1 (Knapsack problem). We are given items with weights w; > 0 and values v; > 0,
and a knapsack capacity W > 0. Choosing item i is modeled by a binary variable x; € {0, 1}.
The knapsack problem can be written as a BILP:

Max Vi X 9.2a

xe{0,1}n 162[;1] ( )

s.t. Z wix; < W (5.2b)
i€[n]

Ezample 5.2 (Capacitated facility location). We are given a set of potential facilities J and a set
of clients I. Opening facility j € J incurs a fixed cost f; > 0 and provides a capacity u; > 0.
Client ¢ € I has demand d; > 0, and assigning 4 to facility j induces a service cost ¢;; > 0.
Introduce binary variables y; € {0,1} indicating whether facility j is open, and z;; € {0,1}
indicating whether client i is served by facility j. A standard MILP is

l\él,iyn Z fiyi + Z Z CijTij (5.3a)

jeJ el jeJ

st Y m=1 Viel (5.3b)
JjeJ
Tij <Yy Viel VjelJ (5.3C)
iel
zi; € {0,1} Viel, VjeJ (5.3¢)
y; € {0,1} VjeJ (5.3f)

The linking constraints x;; < y; and the capacity constraints enforce that clients can only be
assigned to open facilities.

& Example 5.3 (Lot-sizing with setup costs). Consider a single-item production planning problem
over periods t = 1,...,7T with deterministic demands d; > 0. Let x; > 0 denote the quantity
produced in period ¢, s; > 0 the inventory at the end of period ¢, and let y; € {0,1} indicate
whether the production line is set up in period ¢. If producing in period ¢ incurs a variable cost
¢, a holding cost hys;, and a setup cost K.y, one can write

1;/,{91,2 Z (crxy + hesy + Kyy) (5.4a)
te[T]

s.t. St = S4—1 + x¢ — dy Vt € [T] (5.4b)
0 <x < Myys vt € [T] (5.4c)
st >0 vt € [T] (5.4d)
ye € {0,1} Vt € [T] (5.4e)

where sg is given and M; is a valid upper bound on x;. The constraint x; < My, is a typical
fixed-charge (on/off) pattern: production is allowed only if the setup decision is active.

& Ezample 5.4 (Unit commitment (simplified)). In unit commitment, one schedules power gen-
erators over time. Let G be a set of units and ¢ = 1,...,T time periods. For each unit g € G
and period t, let ug € {0,1} indicate whether the unit is on, and let pg > 0 be the produced
power. With minimum and maximum outputs P;ﬁn < P, a basic on/off model is

P;ninugt S Dyt S Pgmaxugt \V/g € G, Vit € [T]
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To account for strictly positive startup costs sq > 0, introduce vy € {0, 1} indicating a startup
at time ¢, and enforce ug — ug—1 < vy (With ug given). With a demand profile Dy, a simple
MILP is

[1}/5{)1 Z Z (cotpgt + fotugt + Sgtvgt) (5.5a)
te[T) geG
st. > pu=D, Vt € [T] (5.5b)
geG
Pgmmugt < pgt < Pgmaxugt Vg € G, Vt € [T] (5.5¢)
Ugt — Ugi—1 < Vgt Vg € G, Vt € [T] (5.5d)
Pgt > 0 Vg € G, Vt € [T (5.5¢)
ugt € {0,1} Vg € G, Vt € [T] (5.5f)
vge € {0,1} Vg € G, Vt € [T] (5.5g)

The one-sided startup constraint permits vy = 1 even when no startup occurs. However, because
vg¢ occurs only through the strictly positive startup cost in the minimization objective, every
optimal solution sets vy = 1 exactly when a startup requires it. More realistic models add
ramping limits and minimum up/down times, but the core MILP structure already appears in
(5.5).

W Ezample 5.5 (Traveling salesman problem (TSP)). Given cities [n] and travel costs ¢;; > 0
for i # j, the traveling salesman problem seeks a minimum-cost Hamiltonian tour. This is the
problem introduced in Example 1.3; Exercise 5.3 gives another classical formulation. Introduce
variables z;; € {0,1} indicating whether the tour uses the arc i — j. A classical formulation
uses degree constraints together with subtour elimination:

Min CiiTii 5.6a
P J)
i
jeln]\{i}
> om=1 Vj € [n] (5.6¢)
i€[n]\{5}
Y @ <8 -1 V0 C S C [n] (5.6d)
1€S JES, j#i
zij € {0,1} Vi,j € [n], i # ] (5.6e)

The subtour constraints are exponentially many; in practice they are generated on the fly (sep-
aration) inside branch-and-bound.

Remark 5.1 (Formulation strength). Different MILP formulations, such as the TSP formulations
just referenced, can describe the same integer feasible solutions while having LP relaxations of
different strength. A stronger LP relaxation generally provides better bounds and can therefore
reduce the amount of branching required in branch-and-bound.

Ezample 5.6 (Capacitated vehicle routing (VRP)). In a capacitated vehicle routing problem, a
depot (indexed by 0) must serve clients [n] with demands d; > 0 using vehicles of capacity Q.
Using arc variables z;; € {0,1} for i # jin {0,1,...,n}, the degree constraints enforce that each
client has exactly one predecessor and one successor:

Z:Eijzl, Zxﬁ:l V’LE[TL]

J# JFi
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To enforce capacity and prevent subtours, one may introduce load variables ¢; € [0, Q] and add,
for all i # j in [n],

>l +dj — Q1 — xy), di <4 <Q.

Together with suitable depot constraints (a fixed number of routes or a fleet-size variable), this
yields a MILP. The precise formulation depends on the chosen VRP variant (number of vehicles,
time windows, multiple depots, ...).

5.3 LP relaxation, bounds, and the integer hull

The key algorithmic idea behind most MILP methods is to exploit linear programming relax-
ations. In the binary case, the most basic relaxation consists in replacing x € {0,1}" with
x € [0,1]™

Definition 5.3 (LP relaxation). Consider the MILP (5.1) and assume for simplicity that all
integrality constraints are binary: x; € {0,1} for ¢ € I. The LP relaxation is obtained by
replacing these constraints with x; € [0,1] fori € I.

Q Proposition 5.4 (Bounding property (minimization)). Let 23y p be the optimal value of a
minimization MILP, and let 2fp be the optimal value of its LP relazation. Then

* *
2rp < 2MILp-

Proof. The feasible set of the MILP is included in the feasible set of its relaxation, so the infimum over the larger
set is no greater. O

From a geometric viewpoint, if P = {x € R" | Ax < b} is the feasible polyhedron of the
relaxation, then the set of mixed-integer feasible points is

Pr:={xeP|z;€ZVYiel}.
Its convex hull conv(Pr) is called the mized-integer hull (or the integer hull when I = [n]). When
the LP relaxation is tight (its optimum is attained at an integer point), solving the LP already

solves the MILP. In general, there is an integrality gap, and the goal of algorithms is to close it
efficiently.

fractional vertex

conv(PNZ")

Figure 5.1: A polyhedron P (LP relaxation), integer-feasible points (violet), and the integer hull
conv(P NZ").
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5.4 Branch-and-bound

We now describe the branch-and-bound principle in the binary case, which already captures the
main ideas used in general MILP solvers. The solution space {0, 1}" can be organized as a binary
tree by fixing variables one by one: each node corresponds to a subproblem where some variables
are fixed to 0 or 1. At such a node, the LP relaxation provides a lower bound on the best integer
value reachable below that node (for minimization problems).

5.4.1 Node subproblems and LP lower bounds

Consider the BILP
min{c'x | Ax <b, x € {0,1}"}.

At a node v, some indices are fixed to 0 or 1: we write I, = I0 U I} with
x;=0,Viel), x;=1,Viell

The set I, is the set of variables whose values have been decided along the path from the root

to v. All remaining variables, with indices in [n] \ I,, are still free to take values in {0,1} (for

the integer subproblem) or in [0, 1] (for the relaxation). In other words, a node corresponds to

restricting the feasible set by adding simple bounds x; = 0 or x; = 1 for a subset of indices.
The associated integer subproblem is

(Pv) min{c'x | Ax <b, x€ {0,1}", x, =0, Vi€ I?, x;, =1, Vi € I},

and its LP relaxation is obtained by replacing x € {0,1}" with x € [0,1]". Denote by FI¥ and
FLF the feasible sets of the node problem and its relaxation, respectively. Since

the minimum of the linear objective over the larger set is no greater: the optimal value zL¥

of the node LP relaxation is a lower bound on the optimal value 2z} of (P,) (for minimization
problems). This is exactly the same set-inclusion argument as Proposition 5.4, applied after
adding the fixing constraints that define the node.

This observation has two immediate algorithmic consequences. First, if the LP relaxation at
v is infeasible, then F¥' = ), hence also FIF = (): the integer subproblem (P,) is infeasible.
Second, if the LP relaxation has an optimal solution x“* that happens to be binary, then
xP e F,EP and its objective value equals zL¥'; therefore x“F is optimal for (P,).

For a mazximization BILP (such as knapsack in Example 5.1), the same reasoning gives the
opposite type of bound: the node LP relaxation provides an upper bound on the best integer
value reachable below the node.

5.4.2 Algorithm outline

Branch-and-bound maintains a set of unexplored nodes (often stored as a stack, a queue, or a
priority queue), together with an incumbent integer feasible solution and its objective value z*.
For minimization, the incumbent value z* is an upper bound on the optimal value (it is the value
of some feasible integer solution), while each node LP relaxation provides a lower bound on the
best integer value reachable below that node.

At a given node v, one solves the LP relaxation. If the relaxation is infeasible, then the
integer subproblem is infeasible and the node can be discarded. If the relaxation is feasible but
its lower bound is already worse than the incumbent (i.e. z/¥ > 2*), then the node cannot
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1
I3:1
w=29

infeasible

£

. _— n
.T3:0

w=7
infeasible

(. 1
1‘3:1

w=06

/(' infeasible

$3:0
w=4, v="7

w=2>5, v=10
optimal

F

Figure 5.2: Binary search tree for a 3-item knapsack instance with capacity W = 5, weights
(w1, we,ws) = (4,3,2) and values (v, ve,v3) = (7,6,4). Each root-to-leaf path fixes (x1, z2, z3) €
{0,1}3; leaves may be infeasible (capacity violated) or feasible with a corresponding objective
value.

contain a better integer solution and it can be pruned by bound. If the LP optimal solution
happens to be binary, then it is an optimal integer solution for that node and can be used to
update the incumbent. Otherwise, one branches by selecting a fractional variable z; and creating
two children with additional constraints z; = 0 and z; = 1.

The following pseudocode summarizes this logic.
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Algorithm 4: Branch-and-bound for binary integer programs

Data: BILP: min{c'x | Ax < b, x € {0,1}"}

Result: An optimal solution and its value, or a declaration that the BILP is infeasible
1 25+ 400, xt @
2 Create root node v;o0t With IBmO
3 while L # @ do

= I} = and push it into list L

t t

4 Extract a node v from L

5 Solve the LP relaxation at v and obtain (x*F, zI'F)

6 if LP infeasible then

7 L discard v

8 else if zIf > 2* then

9 L discard v // prune by bound
10 | else if x'* € {0,1}" then

11 L Update (x#, 2*) « (xIF, 2IF) // new incumbent
12 else

13 Choose an index i with x** ¢ {0,1} // branching rule
14 Create child vy with IS = IQ U {i}, I}, = I} and push 1 into L

15 Create child vy with I} = I} U{i}, IJ, = I? and push v into L

16 if x! = & then

17 ‘ return “BILP infeasible”
18 else

19 L return (x%, 2*)

O Theorem 5.5 (Correctness of branch-and-bound). Algorithm 4 terminates after finitely many
nodes and returns either an optimal solution of the BILP and its value, or a declaration that the
BILP is infeasible.

EP is a lower bound on the optimal value of (P,)

Proof sketch. At every node v, the LP relaxation value z
(Proposition 5.4). Therefore pruning by the test z“ > 2* never removes a node that could contain an improving
integer solution. When a node LP solution is binary, it is feasible for the integer subproblem and its value equals
the node lower bound, hence it is optimal for that node. Each branch fixes a previously unfixed binary variable,
so the search tree has depth at most n and is finite. At termination, if an incumbent exists, all nodes have been
explored or safely pruned, so no feasible integer solution has value smaller than z* and the incumbent is optimal.
If no incumbent exists, no node could have been pruned by bound; after all nodes have been processed, every leaf

subproblem has therefore been shown infeasible, so the BILP is infeasible. ]

5.4.3 Practical aspects

The efficiency of branch-and-bound depends heavily on the quality of the LP relaxations and
on algorithmic choices such as which node to explore next (depth-first, best bound, ...) and
which variable to branch on. A tighter relaxation gives bounds closer to the integer optimum,
so more nodes can be pruned before further branching is necessary. In practice, modern solvers
combine branch-and-bound with many additional techniques: valid inequalities (cutting planes)
to tighten relaxations, primal heuristics to quickly find good incumbents, and preprocessing to
reduce the problem size.

Ezample 5.7 (Knapsack relaxation). The LP relaxation of (5.2) replaces x € {0,1}" by x €
[0, 1]™. This relaxation can be solved efficiently by sorting items by decreasing “efficiency” v; /wj
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and filling the knapsack greedily, allowing one fractional item. In branch-and-bound, the frac-
tional variable of this LP solution is a natural branching choice.

Ezample 5.8 (A tiny branch-and-bound run (knapsack)). Consider the 0-1 knapsack mazimiza-
tion problem
max{9x1 + 6x2 + 4x3 | 421 + 322 + 223 < 5, x € {0, 1}3}.

For maximization, the roles of bounds are reversed: a feasible integer solution gives a lower bound
on the optimum, while the LP relaxation gives an upper bound.

Root node. The LP relaxation x € [0, 1]? is solved by the fractional-knapsack rule. It takes
xr1 = 1 (weight 4, value 9) and then fills the remaining capacity 1 by taking xo = % (weight 1,
value 2), yielding the fractional solution

x" = (1,4,0), AP =11

Thus the root upper bound is 11. A simple feasible integer solution is (0,1, 1) (weight 5, value
10), so we can start with the incumbent z* = 10. Since the LP solution is fractional, we branch
on zs.

Branch 9 = 0. The relaxation becomes max{9z; + 4x3 | 4z1 + 2x3 <5, x1,23 € [0,1]}. Its
optimum is z; = 1, 23 = % with value 9 + 2 = 11 and weight 5. Since the LP solution is still
fractional, we branch again (for instance on x3): if 3 = 0, the node LP optimum is the integer

point 1 = 1, with value 9. If 3 = 1, the LP relaxation permits z; = % and has upper bound

9.3 +4=10.75.

This bound exceeds the incumbent value 10, so the node cannot yet be pruned by bound.
Branching on z1, the child 7y = 1 is infeasible, while the child z; = 0 gives the integer point
(0,0, 1) of value 4. Thus the best integer value in the entire subtree under xo = 0 is 9.

Branch x5 = 1. The remaining capacity is 2. Since 9/4 > 4/2, the node LP relaxation takes
xr = % and x5 = 0, giving the upper bound

6491 =10.5.

Branching on z1, the child 1 = 1 is infeasible, while the child ;1 = 0 takes x5 = 1 and gives the
integer solution x = (0,1, 1) of value 10. All nodes are now closed, so the incumbent value 10 is
certified optimal.

This toy example illustrates the typical logic: LP relaxations provide bounds; branching
enforces integrality; and pruning discards subtrees that cannot contain an improving solution.

5.5 Modeling with binary variables

A useful way to think about these formulations is that binary variables encode whether a decision
is taken, continuous variables encode how much, and linking constraints make the second depend
on the first. This viewpoint allows many nonlinear-looking requirements to be represented by
linear inequalities. We review the resulting big-M, logical, cardinality, and piecewise-linear
modeling patterns.

5.5.1 Big-M constraints and on/off decisions

Big-M constraints model conditional relationships by introducing a constant M large enough to
make a constraint inactive when a binary variable takes a given value. For instance, if b € {0, 1}
and x € [0, M], the constraint x < Mb enforces x = 0 when b = 0 while allowing x to be positive
when b = 1. The choice of M is crucial: it should be as small as possible while remaining valid,
otherwise the relaxation becomes weak and numerical issues may arise.
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Ezample 5.9 (Semi-continuous variable). Let x be a decision variable that must satisfy either
z=0or x € [z,7]. Introducing b € {0,1}, this can be modeled as

x <Th, x> ab, be{0,1}.

5.5.2 Logical constraints

Logical relationships between binary variables can be expressed by linear inequalities. For ex-
ample, the implication “if by = 1 then by = 1”7 is modeled by by > b;. The constraint “b; = 1
or b, = 1”7 can be modeled by b; 4+ bs > 1, whereas “exactly one of by, bs is 1”7 is modeled by
by +by =1.

5.5.3 Cardinality constraints (number of active variables)

In many applications, one wishes to limit how many decisions are active. If x; > 0 are continuous
variables and b; € {0, 1} indicate whether z; is allowed to be positive, then

z; < Mbi, Vi e [n]

links z; to b;. The constraint y ;" , b; < k guarantees that at most k continuous variables can
be positive. In contrast, Y ;" by = k sets exactly k activation binaries to one, but does not by
itself guarantee that exactly k variables z; are positive. If known bounds satisfy 0 < z; < 7,
the stronger linking constraints

x;b; < x; < T;b;

make b; = 1 equivalent to z; being active and positive.

5.5.4 Piecewise-linear functions

Piecewise-linear functions are ubiquitous in modeling (cost curves, penalties, saturations). Whether
one needs integer variables depends on the geometry of the function one wants to represent.

Convex case (LP formulation). Assume we are given breakpoints (z;, f;), i € [k], with
x1 < -+- < xp, and that these points define a convex piecewise-linear function (equivalently,
the slopes between consecutive points are nondecreasing). Introducing weights A; > 0 with
Zz‘e[k] Ai = 1, one can model the epigraph t > f(z) by

r=) i\, t>>" fiki, d =1, i >0, Vi e [k].
1€[k]

1€[k] 1€[k]

This formulation is linear and does not require integer variables. In a minimization model where
t appears in the objective (directly or indirectly), the inequality becomes tight at optimality,
yielding ¢ = f(x). If the points do not define a convex function, this same construction models
the convex envelope of the data, not the original nonconvex curve.

Ezxample 5.10 (Convex piecewise-linear cost). Consider breakpoints (z1, f1) = (0,0), (z2, f2) =
(1,1), (x3, f3) = (2,3) (slopes 1 then 2, hence convex). To minimize ¢ subject to t > f(z) and
x € [0, 2], one can use variables A1, Ag, A3 > 0 and write

T = X+ 2)3, t > Ao+ 33, A+ A+ A3 =1.

At optimality, (z,t) lies on the lower hull of the three points, i.e. on the piecewise-linear graph

of f.
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Nonconvex case (MILP formulation). If the function is not convex, selecting the active
segment typically requires binary variables. Consider breakpoints (xg, fo),- .., (zk, fr) and seg-
ments i € [k] between (z;_1, fi—1) and (z;, f;). Introducing binaries b; € {0,1} and continuous
variables t; € [0, 1], one can enforce “(z, f) lies on exactly one segment” by

Zbizl, Ogtlgbl,V’LG[k‘],
1€[k]

together with the linear identities

T = Z (zic1bi + (5 — 1)), f= Z (fim1bi + (fi — fic1)ti)-

iclk] i€[k]

Ezample 5.11 (Why binaries matter (relaxation effect)). Consider the nonconvex “A”-shaped
function defined by the breakpoints (0,0), (1,1), (2,0). Using the formulation above with k = 2,
the binary constraints ensure that (z, f) lies on exactly one of the two segments. If one relaxes
b1,b2 € {0,1} to by, be € [0,1], the formulation allows convex combinations of the two segments.
For instance, taking b; = by = %, t1 =0, and t5 = % gives x = 1 and f = 0, which is strictly
below the true value f(1) = 1 on the graph. This illustrates why nonconvex piecewise-linear
modeling typically needs integer variables if one wants the exact curve rather than its convex
envelope.

5.5.5 Products and McCormick linearization
Products involving binaries can be linearized with additional variables and inequalities.

¢ Proposition 5.6 (Binary product). Let by,by € {0,1} and introduce a variable y € [0,1]
intended to satisfy y = bibs. Then the equivalence

y=0biba <= y<b, y<by, y>br+by—1,y>0

holds when by, by are binary.

Proof. If y = b1by with b1,bs € {0,1}, then y < b1, y < ba, and y > by + by — 1 are immediate to check case by
case; also y > 0.

Conversely, assume the four inequalities hold with b1,b2 € {0,1}. If by = 0 or by = 0, then y < 0 and y > 0,
hence y = 0 =0b1b2. If by = b2 =1, then y <1 and y > 1, hence y = 1 = b1 bs. [l

¢ Proposition 5.7 (Binary—continuous product (McCormick inequalities)). Let b € {0,1}, let
x € [z,T], and introduce y intended to satisfy y = bx. Then the following linear inequalities are
valid and describe the convex hull of (b, z,y):

y<zTb, y>zb, y<z—z(1-0), y>z-T(1-Dh).

Proof. Each inequality is valid when b € {0,1} and y = bz: if b = 0 then y = 0 and the inequalities reduce to
bounds consistent with z € [z,Z]; if b = 1 then y = z and they reduce to z € [z,Z].

To see that they describe the convex hull, let S := {(b,z,y) | b € {0,1}, = € [z,T], y = bx}. Every
convex combination of points in S satisfies the inequalities, so conv(S) is contained in the polyhedron they define.
Conversely, take (b, z,y) satisfying the inequalities with b € [0,1]. If b = 0 (resp. b = 1), the inequalities force
y = 0 (resp. y = z), hence (b,z,y) € S C conv(S). If b € (0,1), set z; := y/b and xo := (z — y)/(1 —b). The
inequalities imply z < zo,z1 < 7, and one checks that

(b,z,y) = (1 =) (0,20,0) + b (1, 21, 1),

which is a convex combination of two points of S. Thus the polyhedron defined by the inequalities is contained

in conv(S), proving equality. O
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5.6 Worked modeling examples

The modeling patterns above are most useful when combined in a single formulation. We conclude
with two self-contained examples that illustrate how binary variables, linking constraints, and
auxiliary continuous variables can encode fairly rich decisions.

Ezample 5.12 (Fixed-charge transportation with lane selection). Let S be a set of supply nodes
and D a set of demand nodes. For s € S let as > 0 be the available supply, and for d € D let
bg > 0 be the required demand. Shipping one unit from s to d costs csq > 0. In addition, using
the lane (s,d) at all incurs a fixed cost fsg > 0 (e.g. contracting a carrier, opening a route, or
activating a warehouse-to-store connection).

Introduce shipment variables x5q > 0 and binary activation variables ysq € {0,1}. If Ugq is a
valid upper bound on x4, the fixed-charge transportation problem can be written as

Min Z Z (Csdxsd + fsdysd) (57&)

Y s€SdeD

s.t. Z Toqd < Qg Vse S (5.7b)
deD
D 25q > by vd e D (5.7¢)
seS
0<2eq < Usdysd Vs € S, Yd e D (57d)
ysa € {0,1} Vse S, Vde D (5.7€)

The linking constraints xsq < Ugqysq are of the big-M type: if ysq = 0 then xzq = 0, whereas if
yYsq = 1 the lane can carry flow up to Ugy. If one wants to limit the number of used lanes, one
can add the cardinality constraint »_ sa¥sd < K for a chosen integer K.

Ezample 5.13 (Unit commitment with piecewise-linear heat rates). Consider a single generator
over periods t = 1,...,T. Let uy € {0,1} indicate whether the unit is on, p, > 0 the power
output, and v; € {0,1} a startup indicator. The generator has minimum and maximum outputs
P™n and P™2% and its fuel cost as a function of output is modeled by a nonconver piecewise-
linear heat rate curve with breakpoints

P = py < 1 < Pa = P,

slopes 01 > 09 > 0 (concave, i.e. decreasing marginal cost).

On/off and startup logic. The minimum/maximum output constraints are the on/off pattern
of Example 5.9:
Pmmut S Pt S PmaXUt Vt.

A startup occurs at period t when the unit was off at ¢t — 1 and on at ¢, which requires v; = 1
through the logical implication u; —uy—1 < v;. Assuming ¢® > 0, because v; appears only through
the strictly positive startup cost in the minimization objective, an optimal solution sets v; = 1
exactly when a startup requires it. Together with the convention wg = 0, this gives

U — Up—1 S Vg, Vg € {0, 1} Vt.

Minimum up/down times can be added through logical temporal constraints. A minimum up-
time requires u; — wp—1 < uyp for t' = ¢,...,min(¢t + L' — 1,T), so that the unit remains
on after a startup. Analogously, a minimum down-time requires w;_1 — u; < 1 — uy for ¢/ =
t,...,min(t + Ldown _ 1 T'), so that the unit remains off after a shutdown.
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Piecewise-linear cost via binary segment selection. Since the heat rate curve is concave
(not convex), the LP trick of Section 5.5 would only model its convex envelope, which underesti-
mates costs. We therefore use binary segment selectors by ; € {0,1} for i € {1, 2}, with §;; € [0, 1]
the fractional position within segment i:

by + b2 = uy, 0 <6 <bey, i€e{l, 2}

Note that when u; = 0 both selectors are forced to 0. The power output and the fuel cost h; are
then recovered by

2

pr=> (Pi-1bei+ (i — Di-1)dri),
i=1
2

hy = Z(fiq bei+ (fi — fi-1)0t4),

i=1
where the breakpoint costs, measured relative to the minimum-output operating point, are
fo=0, fi=a1(p1 — po), fa = fi+o2(p2 — 1)

Any baseline cost associated with operating at P™" can be included in the fixed running cost
f
C’ Ug.

Full formulation. Denoting by ¢® > 0 the startup cost and ¢f the fixed running cost, the
MILP reads

T
Min Z(ht +cfug + vy) (5.8a)
t=1
s.t. PNy, < p, < PRaXy, Yt (5.8b)
Up — U1 < Vg Yt (5.8¢)
e+ bro = uy vt (5.8d)
2
pt= Z(ﬁi—lbt,z‘ + (Pi — Pi—1)0¢,4) vt (5.8¢)
i=1
2
hy = Z(fiflbt,i + (fi — fi=1)0s3) Vi (5.8f)
i=1
0 < dr; < by Vi, i (5.8¢)
Py he >0, ug, vy, btﬂ' S {0, 1} Vi, 1 (58h>

This example combines on/off decisions (big-M), a logical startup implication, and binary
segment selection for a nonconvex piecewise-linear cost — three of the core MILP modeling
patterns of this chapter.
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5.7 Exercises

Exercise 5.1 Minimum-cost one-to-one assignment

We have a set of agents U and a set of tasks V' with |U| = |V| = n. Each agent must be assigned
to exactly one task, and each task must be assigned to exactly one agent. The cost of assigning
agent u € U to task v € V is ¢y > 0.

1. Model the problem as a MILP (variables, objective, constraints).
2. Adapt the model if some pairs (u,v) are forbidden.

Solution

Exercise 5.2 Shortest path
Let G = (V, E) be a directed graph with arc costs ¢,, > 0 for all (u,v) € E. We seek a shortest
path from s € V tot € V.

Give a MILP formulation (variables, objective, constraints).

Solution

Exercise 5.3 Traveling salesman problem (TSP)
Let G = (V, E) be a graph with arc costs ¢y, for (u,v) € E. We seek a tour visiting each node
exactly once.

Give a MILP formulation of the problem.

Solution

Exercise 5.4 Vehicle routing
A set N of customers must be served by a set K of identical vehicles, each with capacity Q.
Each customer ¢ € N has demand d; > 0 and must be served by exactly one vehicle. The travel
cost between customers i,j € N is ¢;; > 0. All vehicles start and end at a depot 0 ¢ N. Using
a vehicle incurs a fixed cost f > 0.

Give a MILP that minimizes the total travel cost while serving all customers without exceed-
ing vehicle capacities. Provide variables, objective, and essential constraints.

Solution

Exercise 5.5 Capacitated facility location

Sets I (customers) and J (potential facilities). Each customer ¢ € I has demand d; > 0. Opening

facility j € J costs f; and provides capacity ;. Shipping one unit from j to ¢ costs ¢;; > 0.
Give a compact MILP that minimizes fixed plus shipping costs while satisfying all demand.

Provide variables, objective, and essential constraints. Propose a simple valid inequality that

strengthens the LP relaxation.

Solution

Exercise 5.6 0-1 knapsack
We have a set of items I. Each item ¢ € I has benefit b; > 0 and weight w; > 0. The knapsack
capacity is W > 0. We want to select items to maximize the total benefit without exceeding
capacity.

Give a compact MILP (variables, objective, constraints).

Then propose a valid inequality based on the heaviest items.

Solution
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Exercise 5.7 Uncapacitated lot sizing (ULS)

A product must meet demand d; > 0 over periods ¢t = 1,...,7T. Producing u; > 0 in period ¢
costs cyuy plus a fixed setup cost f; if production is started (binary variable y;). Inventory s; > 0
costs hys;. The initial stock sg is given, and s7 is free. Assume ¢; > 0, f; > 0, and h; > 0 for all
t.

1. Model the problem as a MILP (variables, objective, essential constraints).

2. Propose a simple strengthening inequality to improve the LP relaxation.

Solution

Exercise 5.8 Single-machine scheduling

We consider a set of jobs J processed on a single machine. For each job j € J, we know a
processing time 7; > 0, a release date r; > 0 (when it can start), and a due date d; (by which
it should be completed). We want to minimize the total tardiness Zje s Mj, where n; is the
completion-time delay relative to d;.

Formulate a MILP for the problem.

Solution

Exercise 5.9 Pricing problem

A producer chooses a unit price p for a product. Realized demand is ¢ = A — Bp (with A > 0,
B > 0). There is a capacity ¢ < Q™*, and we impose bounds p € [p,p], ¢ € [g,q] with
0 < g <q< QM. The unit cost is ¢ > 0.

1. Write the optimization model.
2. Construct an LP relaxation using McCormick envelopes.

3. Is this relaxation exact in general?

Solution



Appendix A

Mathematical background

This appendix collects a few standard facts from topology, differential calculus, and linear algebra
that are repeatedly used in the textbook. Throughout, || - || denotes the Euclidean norm on R"™,
and x -y := x 'y denotes the associated inner product.

A.1 Topology in R"

A.1.1 Compactness in R"

Definition A.1 (Compact set). A set K C R" is compact if every sequence (x¥)pen in K
admits a subsequence that converges to a point in K.

In Euclidean spaces, compactness admits a particularly simple characterization.

¢ Theorem A.2 (Heine-Borel theorem). A set K C R"™ is compact if and only if it is closed
and bounded.

& Theorem A.3 (Continuous image of a compact set). Let K C R™ be compact and let f :
K — RP be continuous. Then f(K) C RP is compact.

Proof. Let (y*) be any sequence in f(K). For each k, pick x* € K such that y* = f(x*). Since K is compact,
there exists a subsequence x* — x* € K. By continuity, y* = f(x*) — f(x*) € f(K), hence f(K) is
compact. ]

¢ Corollary A.4 (Extreme value theorem). Let K C R"™ be compact and let f : K — R be
continuous. Then f attains its minimum and its mazimum on K.

Proof. By Theorem A.3, the set f(K) C R is compact, hence closed and bounded. Therefore min f(K) and
max f(K) exist and belong to f(K). O

A.2 Differential calculus in R”

A.2.1 Derivative, gradient, and Hessian

Definition A.5 (Differentiability). Let U C R™ be open and let f : U — R. We say that f is
(Fréchet) differentiable at x € U if there ezists a linear form £ : R™ — R such that

f(x+h)=f(x)+£(h) + o||h]) ash — 0.
The linear form ¢ is unique and is denoted by D f(x).

7



78 APPENDIX A. MATHEMATICAL BACKGROUND

In finite dimension, linear forms identify with vectors via the Fuclidean inner product.

Definition A.6 (Gradient). If f is differentiable at x, the gradient V f(x) € R" is the unique
vector such that
Df(x)[h] =Vf(x)"h  VheR™

¢ Proposition A.7 (Coordinate formula for the gradient). Assume that f : U — R is dif-

ferentiable at x € U. Let (e;)], be the canonical basis of R™. Then each partial derivative
0if(x):= (‘%(X) exists and

Vi) = (01f(x),....0nf(x)) "
Proof. For each i, consider the one-dimensional function ¢;(t) := f(x + te;). Differentiability of f at x gives
pilt) = F(x) +tVf(x) e +o(lt]),
50 ;(0) exists and equals Vf(x)"e;. By definition, }(0) = 8;f(x) and Vf(x)"e; is the i-th coordinate of
Vf(x). O

Definition A.8 (Hessian). Let U C R™ be open and let f : U — R be differentiable on U.
We say that f is twice differentiable at x € U if Vf is differentiable at x. The corresponding
Jacobian matriz of V f is the Hessian and is denoted by V2 f(x) € R™*",

¢ Proposition A.9 (Coordinate formula for the Hessian). Assume that f : U — R is twice
differentiable at x € U. Then all second-order partial derivatives exist and

2 _

Proof. Since V f is differentiable at x, each component 0, f is differentiable at x. By Proposition A.7 applied to

V2f(x) = (0%f(x))

i.j€ln]’
the mapping ; f, its gradient at x is the vector of partial derivatives (8% f(x),...,82;f(x))". These are exactly

the entries of the Jacobian of V f, hence of V2 f(x). O

¢ Theorem A.10 (Symmetry of the Hessian). If f is twice continuously differentiable on an
open set U C R™, then for all x € U,

V2f(x) is symmetric, i.e. 8Z~ij(x) = c'??if(x) Vi, j.
Proof. This is the classical Schwarz (Clairaut) theorem on the equality of mixed partial derivatives for C* func-
tions. O
A.2.2 Taylor expansion and identification of derivatives

¢ Theorem A.11 (Second-order Taylor expansion). Let U C R™ be open and let f: U — R be
twice differentiable at x € U. Then, as h — 0,

FOx+h) = ) + VF(0)Tho+ S BTV () b+ o))

Conversely, in many computations one starts from an expansion of f(x + h) and reads off
the coefficients of h and h'(-)h. This provides a convenient and common way of identifying the
gradient and Hessian at x.

¢ Proposition A.12 (First-order expansion determines the gradient). Let U C R™ be open and
let f:U —R. Fixx € U. If there exists g € R" such that

fx+h)= f(x)+gTh+o(lhl)  ash—0,
then f is differentiable at x and V f(x) = g.
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Proof. The mapping h +— g"h is linear, so the displayed relation is exactly Definition A.5 with Df(x)[h] = g h.
By Definition A.6, the unique representing vector is Vf(x) = g. [l

¢ Proposition A.13 (Second-order expansion determines the Hessian). Let U C R™ be open
and let f: U — R. Fizx € U. If there exist g € R™ and a symmetric matric H € R™™™ such
that

1
f(x+h)=f(x)+¢g'h+ 3 h"Hh+o(|h)?)  ash—0,
then f is differentiable at x with V f(x) = g. Moreover, the matriz H is uniquely determined by
the expansion; when such an H exists, it is natural to call it the Hessian of f at x. If f is twice

differentiable at x in the sense of Definition A.8, then this H coincides with the Hessian matriz
V2f(x) appearing in Theorem A.11.

Proof. The differentiability statement follows from Proposition A.12 by ignoring the O(||h||?) term.
For uniqueness, assume that two symmetric matrices Hy, Ha satisfy

FOc+1) = [0+ 9 h+ T Hih o+ o)) = £(0) + g b+ b Hah+ of ).

Subtracting the two expansions yields h' (H; — Hz)h = o(||h||?>) as h — 0. Fix any v € R and set h = tv.
Dividing by t? and letting t — 0 gives vT(Hl — Hs)v = 0 for all v. With v = e; we get (H1 — H2);; = 0. With
v=-¢e; +e; we get 2(H1 — Hz);; =0 for i # j. Hence H; = H».

If f is twice differentiable at x in the sense of Definition A.8, then Theorem A.11 provides an expansion with

H = sz(x)7 and uniqueness implies that this matrix must coincide with the one in the present statement. [

A.2.3 Chain rule

¢ Theorem A.14 (Chain rule). Let U C RP and V' C R™ be open. Let g : U — V be
differentiable at w € U, and let f : V — R be differentiable at g(u). Then f o g is differentiable
at u and

V(f 0 g)(u) = Dg(w) "V f(g(u)),
where Dg(u) € R" P denotes the Jacobian matriz of g at u.

¢ Corollary A.15 (Chain rule for an affine map). Let A € R"*P and b € R", and define
g(u) := Au+b. If f is differentiable at Au+b, then f o g is differentiable at u and

V(f(Au+b)) = ATV f(Au+b).

Proof. Here Dg(u) = A for all u, so the result follows from Theorem A.14. O
Ezample A.1 (Least squares: gradient and Hessian). Let A € R™*™ and b € R™, and consider

1 1
f(x):= §||AX —b)? = §(Ax —b) " (Ax —b).
Set g(x) := Ax — b and ¢(z) := 3||2[|%. Then f = ¢og. Since V¢(z) = z and Dg(x) = A,
Corollary A.15 yields
Vf(x)=AT(Ax —b).

Moreover, Vf is affine, hence differentiable everywhere, and
Vif(x)=ATA  vxeR"

Ezample A.2 (Quadratic form). Let @ € R™ " be symmetric and define f(x) := x' Qx. Ex-
panding at x gives, for h — 0,

f(x+h)=x"Qx+2x"Qh+h'Qh.
Comparing with Proposition A.13 shows that
Vix)=20Qx, V*f(x)=2Q.
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A.2.4 Quadratic functions

¢ Proposition A.16 (Gradient and Hessian of a quadratic). Let Q@ € R™ ™ be symmetric,
b e R"™ and c € R. Define

f(x):= %XTQX +b'x+e
Then f is twice differentiable on R™ and
Vix)=Qx+b  Vf(x)=Q VxcR"
Proof. For h € R,
F(x+h) — f(x) = %(2{@}1 +hQh) +b h=(Qx+b) h+ % h'Qh.

This is of the form V f(x) h + o(|/h||), and differentiating the affine map x — Qx + b gives V>f(x) = Q. O

A.3 Linear algebra reminders

A.3.1 Orthogonal matrices
Definition A.17 (Orthogonal matrix). A matriz U € R™*" is orthogonal if
U'u=1
(equivalently, UUT = I). Equivalently, the columns of U form an orthonormal basis of R™.

A.3.2 Eigenvalues and spectrum

Definition A.18 (Eigenvalue, eigenvector, spectrum). Let A € R™ ™. A scalar A € R is an
eigenvalue of A if there exists a nonzero vector u € R™ such that Au = Au. Any such vector u is
an eigenvector associated with A. The set of eigenvalues of A is called the spectrum of A and is
denoted by o(A).

A.3.3 Spectral theorem

¢ Theorem A.19 (Spectral theorem (real symmetric matrices)). Let A € R™*™ be symmetric.
Then there exist an orthogonal matriz U € R™"™ and real numbers A1, ..., A\, such that

A=Udiag(\i,...,\) U,

The numbers \; are the eigenvalues of A (counted with multiplicity), and the columns of U are
corresponding orthonormal eigenvectors.

A.3.4 Positive (semi-)definite matrices and the spectrum

Definition A.20 (Positive semidefinite / positive definite). Let A € R™*"™ be symmetric. We
say that A is positive semidefinite, and write A > 0, if x' Ax > 0 for all x € R*. We say that
A is positive definite, and write A = 0, if x' Ax > 0 for all x # 0.

¢ Proposition A.21 (Spectrum characterization). Let A € R™*™ be symmetric with eigenvalues
Ay.vooy Ap. Then:
A0 < )\ >0 Vi, A0 < X\ >0Vi.

Proof. Let A =UAU" be a spectral decomposition with A = diag(\1,...,\,). For any x € R", set z := U x.
Then x' Ax = z' Az = Y1 | \;iz?. If all \; > 0 (resp. > 0), then x' Ax > 0 for all x (resp. > 0 for x # 0),
so A = 0 (resp. A > 0). Conversely, if some \; < 0, taking x equal to the corresponding eigenvector gives
x"Ax = \; < 0, contradicting A = 0; similarly if some A; = 0, A cannot be positive definite. ]



Solutions

Solution 2.1

Back to Exercise

1. The objective is continuous and coercive on R", hence it attains a global minimum. Differentiating and
setting the gradient to zero yields, for each coordinate j,

S S
> 2z —p)) =0 = a:j:gij.
i=1 i=1

2. This is the barycenter (centroid) of the points p*.

Solution 2.2

Back to Exercise

1. The variable x represents the center of a ball and max; |x — p'||2 its radius. Minimizing this radius is
exactly finding the smallest-radius ball containing all points.

More formally, introducing a radius variable r > 0, the smallest enclosing ball problem is
Min r
st. |x—pl3<r? Vi,
r > 0.
It is equivalent to (R) since for any feasible x in (R), (x, max; ||x — p'||2) is feasible with the same value,
and conversely any feasible (x,r) gives a point x with objective value < r in (R).
2. The objective x — max; ||x — p‘||2 is continuous and coercive, hence it attains a minimum on R™.

3. Introduce t > 0 and impose ||x — p‘||2 <t for all 5. Squaring gives polynomial inequalities:

Min ¢ .
st >2i(z; —pi)? =<0 Vi,
t>0.

Solution 2.3

Back to Exercise

1. If A = 0, the problem is trivial. Otherwise, consider g(y) = ||y — b||2 on R™, which is continuous and
coercive. Let X := Im(A), which is a nonempty closed subset of R™ (it is a finite-dimensional subspace).
Therefore g attains a minimum on X; call a minimizer y* € X. Any x* satisfying Ax* = y* is a minimizer
of ||[Ax — b||2.

2. Squaring the norm does not change the set of minimizers and makes the objective differentiable:

Min || Ax — b|[3.

First-order optimality conditions give AT (Ax —b) =0, ie. ATAx=A"b.

81
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Solutions

Solution 2.4

Back to Exercise

1.

The lengths of the two segments are v/22 + a2 and \/(L — )2 + b?, respectively. Dividing each length by
the corresponding speed gives the stated expression.

The function 7' is continuous and coercive on R: as |z| — oo, its first term already tends to +oo. Hence T'
attains a minimum.

Direct differentiation gives

T'(;c) . T B L—x
vivar+a?  wvay/(L—12)2+ b2
and 5 )
b
T (z) = a 0.
(z) v1 (2% + a2)3/2 + v2((L — x)2 + b2)3/2 >
Thus T is strictly convex, so its minimizer is unique.
Since T’(0) < 0 and T"(L) > 0, the minimizer z* lies in (0, L). Therefore
# _ ot
sin&lzxi, sm(aQ:L—"”.
V(xt)? 4+ a? (L —at)2+02

The condition 7" (z*) = 0 becomes
sinfly _ sin 6

- )

U1 V2
which is Snell’s law.
If vi = va, then §; = 6. Equivalently, z*/a = (L — 2*)/b, so A, C, and B are collinear: the optimal
trajectory is the straight segment from A to B.

Solution 2.5

Back to Exercise

1.

The objective is continuous and the feasible set {(z,v,2) : 2> +y* + 2% = 1} is nonempty and compact, so
a minimizer exists.

. The constraint qualification holds since the gradient of z2 4+ y% + 2% — 1 is never zero on the sphere. KKT

conditions yield the existence of A € R such that, at an optimum (z, y, z),
32% + 22z = 0, —3y2 +2)y =0, 322 +2X\z = 0.

This forces each coordinate to be either 0 or linked by x = z = —y. Checking the resulting cases under
22 43? 4 2? = 1 shows that the minimum value is —1, attained for instance at (z, v, z) = (—1,0,0), (0,1,0),
or (0,0,—1).

Solution 2.6

Back to Exercise

1.

Assume a; < 0 for some j.

If a; < 0 for all ¢, then the constraint a-x = 1 is impossible with x > 0, so the problem is infeasible and
the optimal value is —oo by convention.

Otherwise, there exists k with ax > 0. Then the optimal value is +00: one can send x; — +o0o and adjust
xr, to keep a-x = 1 while maintaining all other coordinates positive. Since s; In(z;) — 400, the objective
is unbounded above.

. If a; > 0 for all ¢, then for any feasible x we have z; < 1/a;. Moreover, for any finite value K achieved by

some feasible point, any optimizer must lie in a compact box [e1,1/a1] X - -+ X [en, 1/ay] for suitable g; > 0,
because In(z;) — —oo as x; | 0. Therefore an optimal solution exists by compactness.

KKT conditions apply (affine equality constraint, x > 0). There exists A € R such that for every i,

S S
24 da;=0 = b 2
§+ a T N

Using a - x* = 1 gives A = —>_7—1 8j, hence

Sq
i n ]
@i Zj:l Sj
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Solution 2.7

Back to Exercise

1. The feasible set {x : ||x|]|2 = 1} is compact and nonempty, and the objective is continuous, hence a
minimizer x* exists.

2. Squaring the constraint does not change feasibility and simplifies the derivatives. KKT conditions yield
the existence of A € R such that
(MT + M)x* +2xx* = 0,
i.e. x* is an eigenvector of M " + M. The optimal value is the smallest eigenvalue of the symmetric part

of M.

3. In particular, M " + M always has an eigenvector; when M is symmetric, this is an eigenvector of M.

Solution 2.8

Back to Exercise

The objective is coercive and the feasible set is nonempty and closed, so an optimal solution exists. Constraints
are affine, hence qualified, and we can use KKT conditions.
Let p1, p2 > 0 be the multipliers. Stationarity gives

2%1—2111—”2:0, 2£2—/L1:O,
and complementary slackness gives
ul(—2x1 — T9 + 10) =0, pexr = 0.

If g1 = 0 then 1 = z2 = 0, which is infeasible. Hence p1 > 0 and 2z1 + x2 = 10.

If additionally g2 = 0, then 2x2 = p1 and 2x1 = 2u1 give z1 = 2x2. Together with 2x1 + z2 = 10 we get
(.131,132) = (47 2)

If po > 0, then z1 = 0 and 2z1 + z2 = 10 gives (z1,z2) = (0, 10).

Comparing objective values, (4,2) is optimal.

Solution 2.9

Back to Exercise

The objective is coercive and the feasible set is nonempty and closed (e.g. (4, 3) is feasible), so an optimal
solution exists.

First consider the case x2 = 0. Feasibility requires :c% > 25 and z1 < 4, hence 1 < —5. The best choice is
then z; = —5, with objective value 125.

Now assume z2 # 0. Then the gradients of the two constraints, (1,0)" and —2(z1,22) ", are linearly inde-
pendent, so KKT applies. Let p1, 2 > 0 be the multipliers. Stationarity gives

10x1 + M1 — 2,[1,21‘1 = 0, 1225 — 2;1,2]32 = 0,
and complementary slackness gives
pa(er —4) =0,  p2(25—af —a3) =0.

Since x2 # 0, the second stationarity equation forces p2 = 6, hence the circle constraint is active: =7 + 23 = 25.
If g1 =0 then z1 = 0 and zo = £5. If g1 > 0 then 21 =4 and x2 = +3.
Comparing all candidates (—5,0), (0, £5) and (4, £3) shows that (—5,0) is optimal.

Solution 2.10

Back to Exercise

At (0,0) the feasible set is given by x3 < 2, hence necessarily 1 > 0. One finds
Tx(0,0) = Ry x {O}a

since directions with positive 1 component and zero x2 component are admissible, while any direction with
nonzero o component cannot be approximated by feasible curves (a picture suffices).
The linearized cone uses the gradient of the active constraint at (0,0):

V(=ai +a3)| 50 = (0,0),
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so the linearized constraint imposes nothing and
T%(0,0) = R”.

Thus constraint qualification fails.
Moreover, feasibility implies 21 > 0, so the minimum value is clearly 1, attained at (0,0). If KKT applied,
differentiating with respect to 21 would give a multiplier 4 > 0 such that 2(0+1) — (3u) - 0% = 0, a contradiction.

Solution 2.11

Back to Exercise

1. The feasible set is nonempty and compact (closed and bounded by z; > 1 and >, z; = n2), and the
objective is continuous on it, so an optimum exists.

2. The feasible point x; = n for all i yields a strictly positive value. If some coordinate were equal to 1, then
In(1) = 0 and the product would be 0, so such a point cannot be optimal.

3. Since the inequality constraints are inactive at the optimum (by (2)), applying KKT conditions to the
equality constraint gives a multiplier A € R such that, for each ¢,

8 n
oz (j 1ln(xj)> +A=0.

This simplifies to the stated relation.

4. The right-hand side is nonzero, so A # 0. Hence all z?In(z?) are equal. Since # — zInz is strictly
increasing on [1, 00), all azf are equal. Using ), xf =n? yields :Eg =n.

5. The optimum is unique by symmetry and the strict concavity of >, In(In(z;)) on (1,00)" (equivalently, of
the objective up to a monotone transformation).

Solution 2.12
Back to Exercise

We show that the optimal value is 0. Let x* be an optimal solution (it exists by compactness). If some xf =0
then [], #% = 0 and the objective is > 0.

Assume now that all 1:5 > 0. Then the inequality constraints are inactive, so KKT conditions apply with only
the equality constraint ||x||> = 1. There exists A € R such that for every j,

n n—1
(izx;@) L+ =0,
1=1

i#]

Multiplying by a:g yields a quadratic equation
02 (S\Th o
)\(33]) + (ﬁ) 33]» —p—O,

where s:= 3", zf and p = I #!. Summing over j gives

L o

If A < 0, then the objective (s/n)™ —p is nonnegative. If A > 0, the quadratic equation has at most one nonnegative

root, hence all :c? are equal and the objective value is 0.

Therefore, for ||x|| = 1 and x > 0, we have (£ >, ;)" > [], z:. By homogeneity, this gives AM-GM for all
positive vectors.

Solution 2.13
Back to Exercise

One convenient form of the dual is

Max b-y
s.t. ATy =c
y <0.

Note that it is of the same nature as the primal (affine objective and affine constraints).
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Solution 2.14

Back to Exercise
1. Write each constraint in < 0 form:
19—-2z—-—y+2<0, 134y—2<0, 24—zxz—y<0, —x<0, -y<0, —2<L0.
With multipliers I, m, 0, p,q, > 0, the Lagrangian is

L=bx+1ly+z+1(19—z—y+2)+m(13+y—2)+0(24 —z—y) —px — qy — r=z.

The dual is
Max 191 4+ 13m + 240
st. [+0<5
l—m+o0<11
—+m<1
l,m,o>0.

2. One checks that (32,0, 13) is primal-feasible and (5,6,0) is dual-feasible, and that they give the same
objective value. By weak duality, both are optimal.

Solution 2.15
Back to Exercise
Let p > 0 be the multiplier for Ax < b. The dual is

Max inf (xTMx—l—c x+p (Ax — b)) .

©n>0 xcR™

The inner problem is an unconstrained strictly convex quadratic minimization. The minimizer satisfies
IMx+c+ATp=0 = x(u)= —%M_l(c + AT ).
Substituting back gives the dual objective
‘i(c +AT ) M e+ ATp) b p.

Hence the dual problem is
1
Max —Z(C + AT W M e+ ATp) —b-p
s.t. © > 0.

Solution 2.16

Back to Exercise
1. The objective depends only on x2, and feasibility requires 2 > 0. Choosing z2 = 0 (and any z1 < 0) gives
value 1, which is optimal since e*2 > 1 for x2 > 0.
2. Use multipliers 1 > 0 for 1 —x2 < 0 and p2 > 0 for —x2 < 0. The Lagrangian is €2 4+ 1 (21 — x2) — pax2.

Minimizing over z; forces u1 = 0, otherwise the infimum is —co. With 1 = 0, the dual function is

inf (€2 — powa) = p2(1 —1n pe),
xzo €R

with the convention po In s = 0 at pue = 0. Thus the dual is

Max y(1 —Iny)
s.t. y >0,

whose optimum is 1 (attained at y = 1).

3. Yes: primal and dual optimal values coincide.
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Solution 2.17

Back to Exercise

1. The optimal value is 1 (attained at (0,0)).

2. The Lagrangian is
(1 4+ 1)° 4 25 + p(—at + 3), > 0.

If © > 0, the infimum over x; is —oo (the cubic term dominates as 1 — +00). Hence a finite dual value

requires © = 0, in which case the infimum is 0 (attained at 1 = —1,xz2 = 0). Therefore the dual is
Max 0
s.t. n=0,

with optimal value 0.

3. No: there is a duality gap (1 # 0).

Solution 3.1

Back to Exercise

Let S := %(M + M) be the symmetric part of M. Since x" Mx = x' Sx, we can assume M is symmetric.

Then VQ(XTMX) = M+ MT = 2M, hence the function is convex if and only if M is positive semidefinite,
ie. M+ MT >0 in general.

Solution 3.2

Back to Exercise

1. We take
0 1 1
1 1 3
a
A=1|2 1], 9:(b>, y=1|5
3 1 7
4 1 15

Then F(a,b) = || A0 — y|3.

2. The Hessian is 2AT A > 0, so the objective is convex. The columns of A are linearly independent; hence
AT A is positive definite and the minimizer is unique.

T 4T 30 10 ay 94
A A=Ay, (10 5) (b>_(31)’

4. Solving gives a = 16/5 and b = —1/5, so

3. The normal equations are

16 1
i=gro g
5. The residuals 7; — y; are
6, 6 12 12
57 ) 57 57 57

and their squared sum is 72/5 = 14.4. The final observation pulls the slope away from the line y = 2z + 1
through the first four observations. The same data are revisited with ¢1 and /. criteria in Exercise 4.5.

Solution 3.3

Back to Exercise
Assume first that f is convex. For any t, s € [0, 1] and X € [0, 1], since C is convex we have x+(At+(1—X)s)d €
C and
gt + (1= N)s) = f(x+ (At + (1 — N)s)d)
= f(A(x+td) + (1 — X)(x+ sd))
SAf(x4+td) + (1= X) f(x+sd) = Ag(t) + (1 — Ng(s),

SO g is convex.
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Conversely, assume that for every x,d the corresponding g is convex. Take any y,z € C and X € [0,1]. Let
x:=zandd:=y —z. Thenx+d=y € C and

fAy + (1 =Nz) = f(z+ Ay —2)) = 9(A).
By convexity of g,
g(A) < Ag(1) + (1= A)g(0) = Af(y) + (1 = A) f(=),

which is exactly the convexity of f.

Solution 3.4

Back to Exercise

Let 1,...,2, > 0. Since In is concave, Jensen’s inequality gives, with A\; = 1/n,

1 1
ln(n ;:1 xl> > - ;:1 In(z;).
Exponentiating both sides yields

1 n n 1/n
n =1 i=1

Solution 3.5

Back to Exercise

Let Z :=>"}_, e"* and define p; := €*/Z. Then p; > 0 and ), p; = 1.
We have Vf(x) = (p1,...,pn) . Differentiating again gives the Hessian

V2 f(x) = diag(p) —pp .

For any u € R",
n n 2
u' (diag(p) —pp Ju= szuf — (Z piu¢> = Var(U) >0,
i=1 i=1
where U is a random variable taking value u; with probability p;. Therefore V2f(x) > 0 and f is convex.

Solution 3.6

Back to Exercise

The objective is convex and all constraints are affine, so the KKT conditions characterize the optimum. Let
11, 2 > 0 be the multipliers. Stationarity gives

2x1—6+2u1:0, 2$2—2+M1+M2:0,
and complementary slackness gives
/.L1(2$1 —+ o — 2) =0, /.LQ(JJQ — 1) =0.

If 22 = 1 then p2 can be nonzero, but stationarity would force u1 + p2 = 0 hence p1 = p2 = 0 and z; = 3,
which violates 2z; 4+ x2 < 2. Therefore x2 # 1 and u2 = 0.
If 41 = 0 then x1 = 3 and xz2 = 1, impossible. Hence p1 > 0 and the first constraint is active: 2x1 + 2 = 2.
Solving
21’1—64—2#1:0, 2$2—2+M1=0, 2x1 +x2 = 2
gives 1 =2, 2 =0, z1 = 1.
Thus the unique optimal solution is (z1,z2) = (1,0).

Solution 3.7

Back to Exercise

The objective and inequality constraints are convex, and Slater’s condition holds (for example at (0,1)), so
the KKT conditions characterize the optimum.
Let w1, pu2 > 0 be the multipliers for x% —x2 < 0 and 22 — 4 < 0. Stationarity gives

—2+2u1x120 = $1,U1:1, 1_IU’I+.U'2:0’
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and complementary slackness gives
p(zi —x2) =0,  pa(ws —4) =0.

From z1pu1 = 1 we get w1 # 0 and z1 > 0, hence z2 = x% (first constraint active). If po # 0 then z2 = 4,
z1 =2, and 1 — 1 + 2 = 0 would imply g2 = 1 —1=1/2—1 < 0, impossible. Therefore us =0, so u1 =1 and
xr1 = 17 Tro = 1.

Thus the unique optimal solution is (z1,z2) = (1,1).

Solution 3.8

Back to Exercise
If ¢ = 0, then x = a is feasible and optimal. Assume ¢ # 0.
The constraint is active at the optimum, and KKT conditions give the existence of a multiplier ;& > 0 such
that
c+2uM(x—a) =0, (x—a) M(x—a)=1.

From the first equation,

—a— —M!
x=a oM
Plugging into the active constraint yields
1+ 1
—c M 1 = = _VecTM-1
Ve c c p=gve c
Therefore the (unique) optimal solution is
# M_IC
x'=a-—
cTM-1tc

Solution 3.9

Back to Exercise

1. The delivery time for resource ¢ from region j is c]-x?j. To have all resources available, we must wait for
the slowest delivery, hence the objective max; ; cjxfj. The constraints enforce that we meet each demand
a; and that quantities are nonnegative.

2. Introduce a variable ¢ that upper bounds the maximum:

Min ¢

st cjzi <t Vi € [m], Vj € [n]
YTy =a; Vi€ [m]
xi; >0 Vi € [m], Vj € [n].

3. The Lagrangian reads

L= (1 - Zﬂij)t + Z leffijl'?j — Z(Wij + Xi)zij + Z Aii,
3 i

i, @]

with pi; > 0, wi; > 0 and A\; € R. Minimizing over ¢ forces E” pij = 1.

Minimizing over each z;; yields the value h(wi; + As, cjps;), where

2
—% if V) > 0,
/ p—
h(v,v') = 0 if v/ =0and v =0,
—oco if v =0and v #D0.

Hence the dual is
Max Z a;\i + Z Z h(wij + As, leh‘j)
i=1 i=1j=1
s.t. 211 ?:1 Mij = 1
wij >0, ui; >0 Vi € [m], Vj € [n].
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4. With p;; = 1/(mn) and wi; = 0, we have h(\;, ¢;j/(mn)) = —(mn)A?/(4c;). The dual objective becomes

m

;ai)\i — ZZmn4cj.

i=1 j=1

Maximizing independently over each A; gives the value ), a? / (mn ] i1 /cj), which is therefore a valid
lower bound on the primal optimal value.

Solution 3.10
Back to Exercise
1. With p = (4, 6, 10), the problem is
3
Min Z Ci(ps)
=1
st. D—> pi=0,
=1
0<p; <P, i=1,2,3.
2. The objective is strictly convex, since each cost has a positive quadratic coefficient, and the feasible set is

convex. It is nonempty exactly when 0 < D < 20 and is then compact. Thus an optimum exists, and strict
convexity makes it unique.

3. Write the bounds as —p; < 0 and p; —p; < 0, with multipliers a; > 0 and 8; > 0, respectively. With A € R
for the balance equation, the Lagrangian is

Lp, A a,B8) = Cilp) + )\(D - sz) = aipi+ Y Bi(pi — By)-
The KKT conditions are primal feasibility, «;, 8; > 0, and
4. For D = 6, generators 1 and 2 are strictly inside their bounds, so

1
Ci(p1)=p1+2=2A, Cé(pz):5p2+4:>\-

10 8
t_ >
p_<3a370)

5. For D = 10, generator 1 is at capacity, while generators 2 and 3 are strictly inside their bounds. Their
common marginal cost gives

Together with p; + p2 = 6, this gives

1 1
5172—0-4:5173—0-6:)\, p2 +p3 = 6.

24 6

#

=(4,—=,=-].

o (12.9)

6. For D = 6, generators 1 and 2 are strictly inside their bounds, generator 3 is off, and A = 16/3. The bound
multipliers are

Hence

2
(a17a27a3) = (07075) ’ (51:52753) = (0’070)5
since C5(0) — A =6 — 16/3 = 2/3.

For D = 10, generator 1 is at capacity, generators 2 and 3 are strictly inside their bounds, and A = 32/5.
Here

(a17a27a3) = (07070)7 (61762763) = (%7070> E)

because C1(4) — A+ 1 = 6—32/5+2/5 = 0. In both cases the displayed multipliers satisfy dual feasibility,
stationarity, and complementary slackness, so the KKT conditions certify the solutions.
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7. With the chosen sign convention, the derivative of the Lagrangian with respect to the demand parameter
is 9L£/0D = X. The marginal-value result therefore gives v'(D) = A whenever the derivative exists and the
active set is unchanged.

8. Economically, A is the marginal cost, or marginal electricity price, of supplying one additional unit of
demand. The change between the two cases illustrates how this price and the marginal generators change
when a capacity bound becomes active.

Solution 3.11

Back to Exercise

1. Substituting the conductances and boundary voltages gives
_ 1 2 1 2 2 15 2
E(vi,v2) = 3 (v1 — 10) +§(v2—10) + (v1 — v2) —|—§v1 +uy .

2. Its Hessian is

o= o)

Its first leading principal minor is positive and its determinant is 21/4 > 0, so it is positive definite and E
is strictly convex.

3. The positive-definite quadratic term also makes F coercive. Hence it has a unique minimizer (see also
Section 3.2).

4. The stationarity equations are
5 5
51}1 — vy = 10, —v1 + 51}2 = 5.
5. More generally, differentiating the energy terms incident to an internal node ¢ gives exactly

aij(vi — ’l)j) =0.
j:{¢,5} is an edge

6. Since oi;(v; — v;) = I;j, this equation says that the algebraic sum of the currents leaving each internal
node is zero. This is Kirchhoff’s current law.

7. Solving the two stationarity equations gives

w0,
1= 2=
In the requested directions, the currents are
30 20 10 20 30
Ion = — Too = — Lo = — I3 =— Ios = —.
01 7 02 7 12 7 13 7 23 7

At node 1, Io1 = L2 + I13 = 30/7. At node 2, Ip2 + I12 = I23 = 30/7. Thus current is conserved at both
internal nodes.

Solution 3.12
Back to Exercise

This is a convex problem on the domain {x; > 0}, and Slater’s condition holds (e.g.,take z = N/(2n)). Let

> 0 be the multiplier for >, xx < N. KKT conditions give, for an optimal solution zh,

bk n n
a_W+H:O Vk, M(Zxﬁk_N):Ov inSN
k k=1 k=1
S B
Thus x;, p for all k.

Ifﬁzzzlmgﬁﬂ then u = 0 and

/b,

Otherwise the constraint is active and y is chosen so that >, xi = N, which yields

e (B Y mi_%

2
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The solution is unique since the objective is strictly convex on {z) > 0}.

Solution 3.13

Back to Exercise

1. Let x be feasible for u and x’ feasible for u’. By convexity of each h;,
hi(tx + (1 — t)x") < thj(x) + (1 — t)h;(x") < tu; + (1 — t)u],
so tx + (1 — t)x’ is feasible for tu + (1 — t)u’. By convexity of f,
v(tu+ (1 —t)u') < fltx+ (1 —t)x') <tf(x) + (1 —t) f(x).

Minimizing over feasible x and x’ gives v(tu + (1 — t)u’) < tv(u) + (1 — t)v(u’), hence v is convex.

2. (a) Consider the Lagrangian for u = 0:
q
Lo(x,p) = f(x) + > pih;(x).
j=1

Since (x(0), 1°) is a saddle point, we have Lo(x, u®) > Lo(x(0), u°) = v(0) for all x. In particular,
for an optimal solution x(u) at parameter u,

0(0) < Lolx(u), 1) = v(w) + Dl (x(w) < vlw) + v,

hence v(u) > v(0) — u° - u.

(b) If v is differentiable at 0 then v(u) = v(0) + Vv(0) - u+ o(||ul]). Combining with the inequality from
(a) gives
T0(0) - u+ off[ull) = —° - u,

Taking u = te; and letting ¢t — 07 and t — 0~ yields Vo(0) = —pu°.

Solution 3.14

Back to Exercise
We have V f(x) = (x1,vz2) . With step size £ > 0,

A= (1 - 0)ak, AT = (1 — ty)ah.

(147

We have x* — 0 (the unique minimizer) if and only if [1 — ¢| < 1 and |1 — £y| < 1, i.e.

Therefore

0 < ¢ < 2min(1,1/7).

Solution 4.1
Back to Exercise

From inequality form to standard form: add slack variables and replace a free variable x by u — v with
u,v > 0.

From standard form to inequality form: replace an equality constraint by two inequalities < and >, and view
x > 0 as a family of inequality constraints.

Solution 4.2
Back to Exercise

If there is an optimal solution, then there exists a basic optimal solution. Let B be the corresponding basis.
The basic solution is xp = Aglb, which has rational entries since Ag and b are rational.
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Solution 4.3
Back to Exercise
Let z,y, z be the weekly production (in liters) of XXX, YYY, and ZZZ. The linear program is

Max
s.t.

1.55a + 3.05y + 4.802

r > 1020, vy > 1450,

55 (2% + 3y + 62) < 708
55 (4 + 5.5y + 7.52) < 932
1

452 +y + 3.52) < 342.

z > 750

Solution 4.4
Back to Exercise

Let x1,x2,x3 be the amounts of components 1,2,3 used in gasoline A, and y1,y2,ys the amounts used in
gasoline B. The profit-maximization LP is

Max  5.5(x1 + 22 +23) + 4.5(y1 + y2 +y3) — 3(x1 +y1) — 6(x2 +y2) — 4(x3 +y3)

s.t.

1 +y1 < 3000,

To +y2 < 2000,

x3 +y3 < 4000

z1 < 0.3(z1 + z2 + 3),
y1 < 0.5(y1 +y2 + ys),

x2 > 0.4(z1 + 22 + 23),
y2 > 0.1(y1 + y2 + y3)

z3 < 0.5(z1 + 2 + x3)

T1,%2,T3,Y1,Y2,Y3 > 0.

Solution 4.5

Back to Exercise

1. The decision variables are a and b. Introduce auxiliary variables to model the supremum or absolute values.
For the ¢ fit:

Min ¢
st. t>axi+b—y; )
t>yi—ax; —b Vi
a,b,t e R.
For the ¢ fit:
Min Z?:l ti
st. ti>ax;+b—y; Vi

tizyifaxifb V’L
a,bt1,...,tn € R.

2. Let r; = ax; + b — y;, with the data ordered as in the question. For the ¢; problem, take

Its components belong to [—1, 1] and satisfy >, ¢; = >, ¢sxs = 0. Therefore every affine line satisfies
YOUAED ST o P

The line y = 2z + 1 has residuals (0,0, 0,0, —6), so it attains this lower bound. Moreover, |g;| < 1 for the
first four observations, so equality in the displayed bound requires their four residuals to vanish. Hence
this fit is unique and its total absolute residual is 6.

1 1 3
q= (7§70703 53 7§) .

Here >, ¢: = >, qizi =0 and >, |¢;| = 1. Thus, for ¢ = max; |rq|,

t> Zqzﬂ' = _Z(hyi = %

For the /- problem, use

The line
_7,_5
YTt
has residuals
9 3 3 9 9
4’ 4 4 4 4’
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so it attains the bound. Equality in the preceding bound forces the three residuals with nonzero g¢;, at
the observations with x = 0, 3,4, to attain —t,t, —t, respectively; these equations determine a, b, and ¢
uniquely.

By contrast, Exercise 3.2 gives the least-squares line y = E:c — =. In this example, the /2 criterion spreads
the outlier’s influence across the fit, the ¢; criterion preserves the line through the first four observations,

and the £~ criterion balances the largest residuals.

Solution 4.6

Back to Exercise

1. Among all subsets of [n] containing k indices, the largest sum is obtained by selecting the k largest
components (with any choice among tied components). Hence

k

E : 7] § :
' = max Ti.

£ SCln]

i=1 |S|= L €S

Introducing an epigraph variable z gives the LP

Min =z
st. Ax=Db
2>y @ VSC[n), |S|=k
€S
x > 0.

For fixed x, minimizing z makes it equal to the maximum subset sum and therefore to Zle «l. This

formulation has (:) subset inequalities.

2. For the compact formulation, use the identity

Zm“mln(lct—i-ZmaXOxJ )>
Jj=1
Indeed, for every t € R,
k
k:t—f—z >kt +> (@)=l
i=1 i

Equality holds for t € [1:”“'*'1 Szl ] when k < n: the first k ordered components are at least ¢ and all
the others are at most t. When k& = n, equality holds for every ¢t < z[™. This also covers ties between
components.

Introduce variables t € R and u; > 0 with u; > x; —t. The compact LP is
Min kt+Y o u
st. Ax=DbD
u; > —t Vi € [n]
u,x>0, telR.

For fixed (x,t), minimizing over u gives u; = (z; —t)+, so the identity proves equivalence with the original
problem. Ignoring sign constraints, this formulation has m equality constraints from Ax = b and n
inequalities, hence m + n constraints.

Solution 4.7

Back to Exercise

The distance from a point x to the hyperplane H = {y :a-y + 8 =0} is

|a-x+
lall

Consider a polyhedron defined by inequalities a* -y + 3; > 0 for i = 1,...,m. A ball of radius r centered at x is
inside the polyhedron if the center is at distance at least r from every supporting hyperplane, i.e.

a'-x+p; > ||la’||r Vi.
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Thus the largest inscribed ball is obtained by the LP:

Max r
st.  a'-x+ g >|a'|r Vi
XERn, T€R+.

Solution 4.8

Back to Exercise

1.  (a) Introduce slack variables y; > 0 with x; +y; = 1:

Min c¢-x

s.t. Z?:l a;xi =b
ity =1 t=1,...,n
Ti, Yi ZO

The feasible set is bounded, hence the objective is bounded below, and an optimal basic feasible
solution exists.

(b) There are n + 1 independent equality constraints, so any basis has cardinality n 4+ 1. For each ¢, at
least one of x; and y; must be basic, hence at most one index ¢ can have both x; and y; basic, i.e. at
most one x; can be fractional.

(c) Suppose ci/ar < c;/a; but xnk < xg For small € > 0, define a new feasible point by

i

= . . _ £ _ €
To=al (E{GRD, ae=af+ @ =ai- o
J

Feasibility holds and the objective decreases by (Z—’; — 2—1) € < 0, a contradiction. Hence mi > x]’i
J
(d) Sort items so that ¢1/a1 < --- < ¢n/an. Then in an optimal solution one fills items with smallest

c¢i/a; first: set x; = 1 as long as possible until the equality constraint would be violated, then set one
fractional variable
b— Zf:l @i

Ar+1

Tr+1

and set x; =0 for ¢ > ¢+ 1.

2. (a) A dual formulation is
Max  bA — 30 | e
st ad—e <
wni >0 1=1,...,n.

(b) Eliminating u; gives the concave function

d(A) =bA =Y max(0,a:\ — ¢:),

i=1
and the dual amounts to maximizing d(\) over A € R.

(¢) (*) The maximum is attained at a breakpoint M= Co4+1/ae+1 where £ is the largest index such that
Zf:l [e23 S b.

Solution 4.9

Back to Exercise

Let x be any feasible solution. We can write xg = A]_Blb — A]}lANXN, hence

c-x=cpAz'b+ (ch — cp AR ' An)xn
= chglb +r-xn

> cpAg'b + (minr;) Z Zs.
! iEN
Since Y, s = land xp > 0, we have ), _ v @; < 1. Moreover r # 0 implies min; r; < 0, hence (min; ;) >, i >
min; r;. Therefore
c-x>chAg b+ minrj,
J
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and in particular v > chglb + min; ;.
For the upper bound, take the basic feasible solution y with yp = Aglb and yn = 0, which is feasible and
has objective value chglb. Hence v < chglb.

Solution 4.10
Back to Exercise

We prove strong duality for

Min c¢-x
st. Ax=b
x > 0.

If the primal is unbounded below, weak duality already implies the equality of optimal values (both are —oco or
the dual is infeasible).

Assume the objective is bounded below. Then the simplex method terminates at an optimal basis B¥, for
which the reduced costs satisfy r > 0. This means C;n - c;nA;l}ANu > 07, and the optimal primal value is
C;ﬁA;;b

Define (y*)T := c;uAg,;. Then

()" A=(y") " (Aps, Ans) = (cps, cpsAgiAns) < (chs, cis) =c ',

so y* is dual-feasible. Its dual objective value is (y*) b = c;ﬁA;;b, which matches the primal optimal value.
By weak duality, this proves strong duality.

Solution 4.11

Back to Exercise

The dual (D') is obtained from (D) by removing some constraints, hence its feasible set is larger and its
optimal value is an upper bound on the optimal value of (D).

If § is feasible for (D), then it is feasible for (D) and optimal for (D), so it must be optimal for (D) as well
(otherwise (D') could not have a larger value). Therefore the optimal values of (D) and (D') coincide. By strong
duality, the optimal values of (P) and (P') coincide.

Solution 5.1
Back to Exercise

Variables. z., € {0,1} equals 1 if agent u is assigned to task v, and 0 otherwise.

Formulation.
Min E CuvTuv

(u,w)eUxXV
s.t. quvzl uwelU
veV
Z Ty = 1 veV
uelU
zuw € {0,1} (u,v) €U x V.

Forbidden pairs. If ] C U x V is the set of forbidden pairs, add constraints x,, = 0 for all (u,v) € I.

Solution 5.2

Back to Exercise

Variables. ., € {0,1} equals 1 if arc (u,v) is in the path, and 0 otherwise.

Formulation.
Min Z CuvTuv
(u,v)EE
s.t. Z Tyv — Z Toyu = bu ueV
vi(u,v)EE vi(v,u)€EE
Zuw € {0,1} (u,v) € E,
with bs =1, by = —1, and b, = 0 otherwise (flow conservation).

Validity. An integral unit s—t flow can consist of an s—t path together with directed cycles. Since all arc
costs are nonnegative, these cycles can be removed without increasing the objective, so there exists an optimal
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solution corresponding to an s—t path. The LP relaxation is integral because the node—arc incidence matrix is
totally unimodular and the right-hand side is integral.

Solution 5.3
Back to Exercise

Variables. z,, € {0,1} indicates whether arc (u,v) is used. Introduce auxiliary variables z; € R to eliminate
subtours (MTZ).

(u,v)EE
s.t. Z Typ = 1 ueV
vi(u,v)EE
Z Tyu = 1 ueV
vi(v,u)EE
Zu — 2o F | V] Zuw < V] =1 (u,v) €E, u#v, u,v#1
ZTuw € {0,1}, 24, >0 (u,v) EE, u#1
zZ1 = 0.

The first two families ensure exactly one arc enters and leaves each node; the MTZ constraints prevent
subtours. This formulation can be compared with the subtour-elimination formulations in Example 1.3 and
Example 5.5; all three describe the same tours, although their LP relaxations need not have the same strength.

Solution 5.4
Back to Exercise

Variables. z}; € {0,1} equals 1 if vehicle k travels from i to j (with 4,5 € N U{0}). yx € {0,1} equals 1 if
vehicle k is used. uf > 0 denotes the load of vehicle k after serving customer 4.

Y N O

keEK 4,je NU{0} ke K
s.t. Z xfj = Z zfz 1€ N, ke K (flow conservation)
jeNu{o} jeNu{o}
Z Z xfj =1 it € N (serve each customer)
kEK je NU{0}
Z :rgj = Z oy = yi k € K (start/end at depot)
JEN iEN
ub =0 ke K
U?2u§+dj—Q(1—$§j) 1€ NU{0}, €N, ke K (capacity)
di <uf <Q i€EN, keK
a¥; € {0,1}, ye € {0,1}, uf >0 (i,§) € (NU{0})?, k € K.

Solution 5.5
Back to Exercise

Variables. y; € {0,1} indicates whether facility j is opened; z;; > 0 is the shipped flow from j to .

Min Z fiys + Z Z CijTij

jeJ i€l jed

s.t. Zmij =d; X<yl
jeJ
D wi < Quys Jj€eJ
el

zi; >0, y; € {0,1}.
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Strengthening. For each (i,7), the individual linking inequality x;; < d;y; is valid: demand satisfaction
and nonnegativity imply z;; < d;, while y; = 0 forces x;; = 0 through the aggregate capacity constraint. It
can strengthen the LP relaxation when d; < Q);, because the aggregate capacity constraint alone only implies
Tij < QjY;-

Solution 5.6
Back to Exercise

Variables. For each i € I, z; € {0,1} equals 1 if item ¢ is selected, and 0 otherwise.

Formulation.
Max Z bzxz
i€l
s.t. Zwixi <W
i€l
z; € {0,1} iel.
Valid inequality (cover). For any subset S C I such that } . cw; > W (a cover), we have
> w < [8]-1.
€S

In particular, taking S as a set of the heaviest items whose total weight exceeds W yields a simple strengthening
cut.

Solution 5.7

Back to Exercise

Variables. u; > 0 (production), s¢ > 0 (end-of-period inventory), y: € {0,1} (setup), for t =1,...,T.

T
Min Z (ceur + hese + feye)
t=1

s.t. St =8i—1+ur —dy t=1,...,T
'U/thtyt t:L...,T
ut, st > 0, yr € {0,1}.

(balance)

(link production—setup)

Optimality-preserving strengthening. For the original formulation with free terminal stock, production
and inventory have no finite globally valid upper bounds. Under the nonnegative-cost assumptions, however,
excess production cannot improve the objective. Define the unavoidable terminal inventory

T
S = maX{O, So de}.

T=1

There exists an optimal solution satisfying sr = §r: if terminal stock exceeds s, unnecessary production can be
reduced while preserving feasibility, without increasing production, setup, or holding costs.
We may therefore impose st = 57 as a without-loss-of-optimality restriction. Summing the balances from ¢

through T gives
T T
Zu‘r =37 + ZdT — St—1,
T=t T=t

and hence

T
ur < 87+ Y dr

T=t

Thus an optimality-preserving choice is
T

M, =57 + ZdT.
T=t

Similarly, summing from ¢ + 1 through T yields the strengthening

T T T
S¢ = 5r + Z dy — Z ur < B+ Z d;.

T=t+1 T=t+1 T=t+1
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These inequalities are without-loss-of-optimality restrictions, not valid inequalities for every feasible solution of
the original free-terminal-stock formulation. If s < Zle d-, then §7 = 0 and the bounds reduce to the simpler
formulas without the 57 term.

Solution 5.8
Back to Exercise
Variables. For j € J: start time D; > 0, finish time F; > 0, tardiness n; > 0. For @ # j: y;; € {0,1} equals
1 if job ¢ is scheduled before job j.
Objective. Min}_ . ;n;.
Define the horizon
H :=maxr; + ZTJ'.

JjeJ -
JjeJ

For any fixed job order, shifting jobs left whenever possible cannot increase any completion time or the total
tardiness, and the resulting schedule finishes by H. We may therefore impose F; < H for every j without loss of
optimality and use M = H.

Constraints. For all j € J and i # 7:

Fj — Dj =Ty
Dj >
F; <H optimality-preserving horizon)

(processing time)
(
(
ny > F;—dj, n; >0 (tardiness definition)
(
(
(

release date)

Dj > Di +7i — H(1 = yij)
Di 2 Dj + 7 — Hyij

Yij +yji =1

vi; €{0,1}.

When the first disjunct is inactive, its right-hand side is F;—H < 0 and D; > 0 makes it redundant. Symmetrically,
the inactive second disjunct has right-hand side F; — H < 0 and is redundant because D; > 0.

if 4 before j)
otherwise j before 7)

1< j)

Solution 5.9

Back to Exercise
(1) Bilinear model.
Max pg—-cq
s.t. ¢g= A — Bp,

0<qg<QQ™,
p<p<Dp
g<qg<q

The nonlinearity comes from the bilinear term p ¢ in the objective.

(2) McCormick relaxation. Introduce a revenue variable w intended to represent p g. McCormick envelopes
for p € [p,p] and ¢ € [¢,q] give:

Y]

IN
QR
A%

IN

R Ql
|
3

s
S
ST
R
[
3|
PN

R

+ +

w
w

kO

p+pq
p+pgq

(ks
(S

The resulting LP relaxation is
Max w —cgq
s.t. ¢= A — Bp,
0<q¢<QR™, p<p<p ¢<q<q,

(the four McCormick constraints above).

Because this system enlarges the feasible set in (p, ¢, w) and the problem is a maximization problem, its optimal
value is an upper bound on the true optimal profit.

(3) The relaxation need not be exact. Consider

A=B=1, p=¢=0, p=g=1, Q™ =1, ¢=0.
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Then ¢ = 1 — p, and the true problem is

17
Q%ﬁ( ),

whose optimal value is 1/4 at p = ¢ = 1/2. On [0,1]?, the McCormick inequalities reduce to
w20, w>p+q-—1, w < p, w<q.

At p = ¢ = 1/2, all four inequalities allow w = 1/2, so the LP relaxation has value at least 1/2, strictly above the

true value 1/4.
Strengthening hint. Tighten bounds before building McCormick envelopes: for instance, g € [max{g, A—

Bp}, min{q, A — Bg}].



100 Solutions



Bibliography

[1] S. Boyd and L. Vandenberghe. Conver Optimization. Cambridge University Press, 2004.
[2] S. Bubeck. Convex Optimization: Algorithms and Complexity. now publishers inc., 2015.

[3] G. B. Dantzig. Maximization of a linear function of variables subject to linear inequalities.
In Tj. C. Koopmans, editor, Activity Analysis of Production and Allocation. Wiley, 1951.

[4] G. B. Dantzig, A. Orden, and P. Wolfe. The generalized simplex method for minimizing a
linear form under linear inequality constraints. Pacific Journal of Mathematics, 1955.

[5] J. Matousek and B. Gértner. Understanding and Using Linear Programming. Springer, 2007.

[6] Daniel A. Spielman and Shang-Hua Teng. Smoothed analysis of algorithms: Why the simplex
algorithm usually takes polynomial time. Journal of the ACM, 51(3):385-463, 2004.

101



	Foreword
	Notation / Quick reference
	Introduction
	What is optimization?
	Motivating examples
	 Some real-world applications of optimization
	"47A Beyond finite-dimensional optimization
	"47A A short history of optimization

	Practice and tools in optimization
	Modeling
	Formalization
	Tools (modeler, solver, post-processing)
	Method selection
	Numerical evaluation

	 Some elements of complexity theory
	Discrete complexity: P, NP, and reductions
	Continuous optimization: accuracy and iteration complexity

	Course objectives

	Optimization under constraints
	Vocabulary and notation
	Optimization problems
	Extended-value functions

	Elementary results on Rn
	Existence results
	Unconstrained first- and second-order conditions

	 Feasible directions and tangent cones
	Existence under constraints
	Tangent cone
	A first-order necessary condition

	Differentiable constraints and constraint qualifications
	Linearized tangent cone
	Sufficient qualification conditions

	Equality constraints: Lagrange multipliers
	 Karush–Kuhn–Tucker conditions
	How to use the KKT theorem in practice
	Some remarks about KKT conditions
	Proof sketch of the KKT theorem

	Lagrangian viewpoint and weak duality
	From constrained problems to a min–sup formulation
	Dual function and weak duality
	Lower and upper bounds
	Strong duality and saddle points
	Sensitivity interpretation of multipliers

	Exercises

	Convex optimization
	Convexity
	Convex sets
	Convex functions
	Regularity properties
	Second-order characterizations

	Optimality in convex problems
	KKT and strong duality in convex optimization
	Marginal interpretation of multipliers

	Algorithms
	Descent-direction methods
	Fixed-step gradient method
	Projection on a closed convex set
	Projected gradient method
	Convergence rates for (projected) gradient descent

	Exercises

	Linear optimization
	Geometric interpretation
	Polyhedra
	"47A H- and V-representations of polyhedra
	Linear programs

	Equivalent formulations and standing assumptions
	Existence and characterization of an optimal solution
	Bases and basic feasible solutions
	Existence theorem

	The simplex method
	Preliminaries
	Algorithm outline
	One pivot step (ratio test and basis update)
	Finding an initial feasible basis (Phase I)
	 Vertices and basic feasible solutions

	Duality in linear programming
	Exercises

	Mixed-integer linear programming
	Definition and motivation
	Examples
	LP relaxation, bounds, and the integer hull
	Branch-and-bound
	Node subproblems and LP lower bounds
	Algorithm outline
	Practical aspects

	Modeling with binary variables
	Big-M constraints and on/off decisions
	Logical constraints
	Cardinality constraints (number of active variables)
	Piecewise-linear functions
	Products and McCormick linearization

	Worked modeling examples
	Exercises

	Mathematical background
	Topology in R^n
	Compactness in R^n

	Differential calculus in R^n
	Derivative, gradient, and Hessian
	Taylor expansion and identification of derivatives
	Chain rule
	Quadratic functions

	Linear algebra reminders
	Orthogonal matrices
	Eigenvalues and spectrum
	Spectral theorem
	Positive (semi-)definite matrices and the spectrum


	Solutions
	Bibliography

