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Outline of the presentation

@ The deterministic case
@ Dynamics and criterion
@ The additive criterion case
@ The "maximin” approach

© The uncertain case
@ Dynamics and criterion
@ The robust agregation operator
@ The expectation agregation operator

9 Ingredients for dynamic programming
o Whittle criterion
@ Agregation operator
@ Compatibility between criterion and agregation operator
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The deterministic case Dynamics and criterion
The additive criterion case
The "maximin” approach

Discrete-time nonlinear control system

x(t+1) =Dyn(t,x(t),u(t)), t=to,to+1,...,T -1

x(tp) given,
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The deterministic case Dynamics and criterion
The additive criterion case
The "maximin” approach

Trajectories

o Control trajectory

@ State trajectory
x(+) = (x(to),x(to +1),...,x(T —=1),x( T))

o Control-state trajectory
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The deterministic case Dynamics and criterion
The addit

Criterion

@ Set of trajectories

(X(.)7 u()) c xTH+i-to 5 yT—to

set of trajectories

@ A criterion Crit is a function

Crit: XTtl-toxUT-t LR

(x(-),u()) = Crit(x(), u())

o which assigns a scalar value Crit(x(-),u(-))
e to a state and control trajectory (x(-), u(-)).

Dynamic programming equations
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The deterministic case Dynamics and criterion
criterion case
in" approach

General additive criterion

T-1
Crit(x(-),u(-)) = > Util(t,x(t), u(t)) + UtilFin(T,x(T))

instantaneous gain final gain
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The deterministic case Dynamics and criterion
criterion case
in" approach

The optimization problem

Crit*(t(), Xo) =

T-1
max > util(t, x(t), u(t)) + UtilFin(T,x(T))
(x().u(-)) €Taa(t0,%0) 1=t

instantaneous gain final gain
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The deterministic case Dynamics and criterion
ive criterion case
The "maximin” approach

Additive value function

T-1
V(t,x) = max Z Util(s, x(s), u(s)) +UtilFin( T, x(T))
(x()u()) €Taa(t.x) 5=t

is the optimal performance starting from state x at time t.
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The deterministic case Dynamics and criterion
The additive criterion case
The "maximin” approach

Dynamic programming equation

Proposition

In the case without state constraints, the value function is the
solution of the following backward dynamic programming equation
(or Bellman equation)

V(T,x) = UtilFin(T,x),

V(t,x) = uerE?tXx) (Util(t,x, u) + V(t + 1, Dyn(t, x, u))) ;

wheret=T —1, T =2, ..., to+1, tp.
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The deterministic case Dynamics and criterion
The additive criterion case
The "maximin” approach

The Maximin: Rawls criterion

@ John Rawls, A Theory of Justice, 1971
@ The utility level of the least advantaged generation

Crit*(to, x0) = max min_ Util(t,x(t), u(t))
(x(),u()) €Taa(to,x0) E= 0+ T =1
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The deterministic case

Dynamics and criterion
The additive criterion case
The "maximin” approach

Maximin dynamic programming equation

V(t,x) = max

is the solution of

V(T,x)

V(t,x)

Michel DE LARA CERMICS,

min  Util(s, x(s), u(s
(X(-),u(»))E’];d(tx) (S:t...I,T—]. ’ ( /X( )U( ))>

)

= —|—oo7

= max min (Util(t,x, u), V(t + 1,Dyn(t, x, u))) )
u€B(t,x)
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The uncertain case _
operator
n operator

Outline of the presentation

© The uncertain case
@ Dynamics and criterion
@ The robust agregation operator
@ The expectation agregation operator
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Dynamics and criterion

. Scenarios
The uncertain case

n operator

Discrete-time control dynamical system with uncertainty

x(t +1) = Dyn(t,x(t), u(t),w(t)), t=to,..., T —1

X(to) = X0
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Dynamics and criterion
Scenarios
The ro

The uncertain case

Scenarios

We assume that
w(t) € S(t) C W,

so that the sequences
w(:) = (w(to), w(to +1),...,w(T — 1), w(T))
belonging to
Q:=S(to) x -+ x §(T) c Wit

capture the idea of possible scenarios for the problem.
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Dynamics and cr

. Scenarios
The uncertain case
The robust

The

Criterion

A criterion Crit is a function

Crit : XTHl-to w yT—to 5 Witl-t L R

which assigns a real number Crit(x(-), u(-), w(-))
to a state, control and uncertainty trajectory (x(-), u(-), w(-)).
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Dynamics and criterion

X Scenarios
The uncertain case

General additive criterion

T-1
Crit(x(-),u(-),w()) = > Util(t,x(t),u(t), w(t))

t=tp

instantaneous gain

+ UtilFin(T,x(T), w(T))

final gain
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The uncertain case
The

General multiplicative criterion

T-1
crit(x(),u(-),w()) =[] ueir(t, x(t), u(t), w(t))

t=tp

xUtilFin(T,x(T), w(T))
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Dynamics and criterion
. Scenarios

The uncertain case _
The robust

rator

The Maximin

crit(x(-), u(-), w(-)) = t:tor?,i,,nT—lUtiut’ x(t), u(t), w(t)) ,
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Dynamics and criterion
. Scenarios
The uncertain case q
The robust agregation operator
The expectation a on operator

Fear operator

Consider a general set Q.
The so-called fear operator Fq on € is defined on the set of

functions A: Q — R by:

FolA] = Fuy [A(w)] = min A(w) .

When Q = Q1 x Q5, we have the formula:

]FQ[A] - IF(Wl,l/l/z) [A (Wlﬂ W2)] - ]le []FW2 [A (W17 W2)]] :
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The uncertain case

Robust additive dynamic programming

min ZUtll (¢, x(t), u(t), w(t))

w(-)eQ =t

instantaneous gain

+ UtilFin(T,x(T),W(T)) .

final gain

V(T,x) := min UtilFin(T,x,w),
weS(T)

V(t,x) = max min |Util(t,x,u,w)
ueB(t,x) wes(t)

+V(t + 1,Dyn(t, x, u, W)):| :
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The uncertain case

Robust maximin dynamic programming

Wr(rj)lgQ gmin Util(t, x(t), u(t), w(t)) ,

V(T,x) = min UtilFin(T,x,w),
weS(T)

V(t,x) = max_ min min (Util(t7 x,u,w), V(t + 1,Dyn(t, x, u, W))) .
uEB(t,x) wes(t)
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Dynamics and criterion

Scenarios

The robust agregation operator

The expectation agregation operator

The uncertain case

Expectation operator

Consider a probability space 2 with o-field F and probability IP.
The so-called expectation operator E(q 7 p) is defined on the set of
measurable and integrable functions A: Q — R by:

Eo7p[Al = Ew [A(w)] = Ep[A(w)] = /Q A(w) dP(w).

When Q = Q1 X Qy, F=F1 ® F» and P = P; ® P», we have the
Fubini formula:

Eo,7p) Al = Eu,7.p1) [E(@um,p) [A (w1, w2)]]
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The uncertain case

The robust gation operator
The expectation agregation operator

The primitive random process w(-) is assumed to be a sequence of
independent random variables

(w(to), w(to+1),...,w(T —1),w(T)) under probability P on the
domain  of scenarios.

The probability P is the product of its marginals.
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The uncertain case "
ation operator

ag
The expectatlo gregation operator

Stochastic additive dynamic programming

T-1
EW(.)< S uti1 (6 x(0), u(t), w(?))

t=tp

instantaneous gain

+ UtilFin(T,x(T), w(T)) ) .

final gain
V(T,x) = Eyum [UtilFin(T,x7 W(T)):| ;
V(t,x) = uer%?zx)]EW(t) {Util(t, x, u, w(t))

+V(t+1,Dyn(t, x, u, W(t)))} :
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The uncertain case "
ation operator

ag
The expectatlo gregation operator

Stochastic multiplicative dynamic programming

T-1
EW(,)( T ven(e, x(e), u(), w(t))

t=tp

xUtilFin(T,x(T), W(T)))

V(T,x) = Eyur [UtilFin(T,x, W(T)>:| ,
V(t,x) = uerE?zX)EW(t) [Util(t, X, U, W(t))

x V(t 4 1,Dyn(t,x, u, W(t)))} .
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Dynamics and criterion

Scenarios

The robust agregation operator

The expectation agregation operator

The uncertain case

Stochastic multiplicative dynamic programming

IEW(.)< II[ lA(t)(X(t)))

t=ty

V(T,x) = 1yn(x),

V(t,x) = 1up(x) max Ew(t){V(t—l—1,F(t,x,u,w(t)>)}.
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. . : tion operator
Ingredients for dynamic programming ‘on operator

Outline of the presentation

9 Ingredients for dynamic programming
o Whittle criterion
@ Agregation operator
@ Compatibility between criterion and agregation operator
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Whittle criterion
A -

Compatib E ion operator

Ingredients for dynamic programming Cenal cypenie e

Whittle criterion

Let us call a criterion Crit in the Whittle form whenever it is
given by a backward induction of the form:

crit(t,x(), u(), w(:)) = 'q‘)(t,x(t), u(t), w(t), Crit (t + 1, x(-), u(), W(.))) ,
t=to,..., T —1,

crit(T,x(+),u(-),w(:)) = UtilFin(T,x(T),w(T)).
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Compatibility betv iteri ion operator

Ingredients for dynamic programming e e

General operator

When Q = Q; x 5, for an adequate function A, we have

GQ[A] = G(Wl,V'Q) [A (Wlﬂ W2)] - GWI [GW2 [A (Wlﬂ W2)]] :
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and agregation operator

Ingredients for dynamic programming General dynamic programm quation

G-linearity

The function ¢ : {tg,..., T =1} xXxUxW xR —Ris
assumed to be G-linear in its last argument in the sense that:

GW(t),W(t+1),.,,,W(T) [1/) (t7X7 u, W(t)v A (W(t + 1)7 SRR W(T)))] =

Gu(ey [¥ (t,x, u,w,G[A(w(t +1),...,w(T))])] .
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and agregation operator
General dynamic programm quation

Ingredients for dynamic programming

@ When G is the fear operator I, 9 is assumed to be
continuously increasing in its last argument®.
@ maximin (t, x, u, w, C) = min(Util(t, x, u, w), C)
¢ additive ¥(t,x, u,w, C) = Util(t,x,u,w)+ C
o multiplicative ¥(t, x, u,w, C) = Util(t,x, u,w) x C
@ When G is the expectation operator E,
@ Y(t,x,u,w, C) = g(t,x,u,w)+ B(t, x, u,w)C includes
¢ additive ¥(t,x, u,w, C) =Util(t,x,u,w)+ C
o multiplicative ¥(t, x, u,w, C) = Util(t,x, u,w) x C

Y(t, x, u,w, C*) > o(t, x, u, w, Cb) whenever —co < C” < C* < +00, and
Cn - C i w(t7 X7 u7 W7 Cn) - w(t7 X7 u7 W7 C)
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’ - : tion operator
Ingredients for dynamic programming ‘on operator

General dynamic programming equation

V(T,x) = Gyegr)[UtilFin(T,x, w)]
V(t,x) = rrl(ax )Gwes(t) [Ls“‘;(t, X, U, W, V(t + 1,Dyn(t, x, u, W)):|
ueB(t,x
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riterion and a ion operator

Ingredients for dynamic programming Gz ehreic premEmis caed

Ambiguity?

— min 7P
GqlA] = I[rpnelgII'ZW(_)A(W(-))
In general

GQ[A] = G(thz) [A (le W2)] # GWI [Gwz [A (le W2)]] .

but
crit(t,x(), u(), w(:)) = w(r,x(t), u(t), Crit (t + 1, x(-), u(-), W(.))) ,
t:to,...,T—]..
crit(T,x(-),u(-),w(:)) = UtilFin(T,x(T)).
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